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Abstract: HIV/AIDS has a strong impact on society, the
economy, and health. Early diagnosis of cases, adherence
to treatment, and prevention are important factors in
controlling the epidemic in the population. In this paper,
we present a new mathematical model for the study of
HIV/AIDS transmission. Our model is stratified in men
and women, to account for the main forms of sexual
transmission homosexual and heterosexual relationships,
and infectiousness in the HIV and AIDS stages. In
addition, in the construction of the model, we take into
account the influence of Pre-Exposure Prophylaxis (PrEP)
and Post-Exposure Prophylaxis (PEP) to study the impact
of these implementations, diagnosis, and effectiveness of
treatment based on viral load undetectability. We study
the basic reproduction number by subpopulation (men
and women) and general. Working by subpopulations
allows us to study men who have sex with men who have
a strong impact on virus transmission. Also, we study the
infection-free equilibrium points due to their relationship
with the basic reproduction number and demonstrate the
global stability by subpopulation and general. To explore
our model, we performed computational simulations on

a scenario designed with data from the literature and
assumed, studying the influence of the parameters associ-
ated with the use of PrEP, PEP, and undetectability on the
basic reproduction number by varying them individually
and jointly. We concluded that in women the basic
reproduction number is always lower than unity and that
in men the parameter associated with the undetectability
of the viral load in HIV men has a strong influence on the
dynamics. We also address the impact of PrEP, PEP, and
undetectability in HIV and AIDS on the compartments,
considering different scenarios varying the parameters
jointly and independently and by sex which show difficulty
in reducing women with AIDS. The scenario that showed
the best results in the reduction of the number of HIV
and AIDS cases was when the parameters associated
with undetectability in HIV and AIDS men and women
take the 90-90-90 that is proposed in the World Health
Organization (WHO) strategy.
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I. INTRODUCTION

HIV (human immunodeficiency virus) is a virus that
attacks the body’s immune system. If HIV is not treated,
it can lead to AIDS (acquired immunodeficiency syn-
drome). HIV has three stages: (1) acute HIV infection
is the initial stage of HIV infection, which usually
begins 2-4 weeks after the body acquires the virus,
(2) chronic HIV infection (also called asymptomatic
HIV infection or clinical latency); at this stage, HIV
continues to replicate in the body but at very low levels,
and the person may be asymptomatic and (3) AIDS, the
final and most severe stage of HIV infection when the
virus has severely damaged the immune system and the
body is unable to fight off opportunistic infections. HIV-
positive people are diagnosed with AIDS if they have a
CD4 count below 200 cells/mm3 or if they acquired
certain opportunistic infections [1]. HIV is transmit-
ted primarily through sexual contact with an infected
person. Other less common ways of transmission are
through sharing needles and/or syringes with someone
infected, through transfusions of infected blood, or drug
use. Infected pregnant women can infect their children
before or after delivery or through breastfeeding after
birth [2].

HIV treatment (antiretroviral therapy, ART) has
evolved from strenuous regimens with high pill burden,
cumbersome dosing, treatment-limiting toxicities, food-
drug interactions, incomplete viral suppression, and the
emergence of drug resistance. We now have once- or
twice-daily pill regimens that can be initiated early in
HIV disease and control viral replication for much of
an individual’s life. The life expectancy of individuals
who have achieved immune reconstitution and remain
virologically suppressed should be near normal [3, 4].
Viral load (VL) testing is essential for monitoring
adherence to antiretroviral therapy (ART) [5]. A sup-
pressed/undetectable VL in HIV-infected individuals
will mean that the individual does not infect his or
her sexual partner. This factor is relevant in controlling
HIV/AIDS transmission in a population.

People with HIV should undergo antiretroviral ther-
apy as soon as possible. If taken as prescribed, ART
reduces the amount of HIV in the body (viral load) to
a low level, which keeps the immune system working
and prevents illness. This is called viral suppression
– defined as having less than 200 copies of HIV per
milliliter of blood. HIV treatment by ART can make
the viral load so low that a test cannot detect it.
This is called an undetectable viral load [6]. Achieving
and maintaining an undetectable viral load (or staying

virally suppressed) is the best way to stay healthy and
protect others. Treatment helps prevent transmission to
others. If one has an undetectable viral load, he/she
is not at risk of transmitting HIV to an HIV-negative
partner through sex.

Pre-exposure prophylaxis (or PrEP) is a medication
taken to prevent getting HIV. PrEP is very effective
in preventing HIV when taken continuously as recom-
mended by a specialist. The use of PrEP reduces the
risk of infection through sexual contact by 99% and
through injection drug use by 74% [7,8]. Post-Exposure
Prophylaxis (PEP) is the use of antiretroviral drugs after
a single high-risk event to stop HIV seroconversion.
PEP should be initiated as soon as possible to be
effective, and always within 72 hours of a potential
exposure [8]. The use of PEP involves social factors
and it is necessary to make the population aware of
the use of this therapy as soon as possible. In cases of
sexual abuse, the use of PEP is crucial because it was an
exposure that can have consequences [9,10]. If one uses
PEP, one will need to take HIV medicines every day
for 28 days, following up with a doctor. After finishing
taking PEP, it is necessary to get tested for HIV and
other tests. In our work, we affirm the effectiveness or
not of PEP after one year and with a final negative test.

HIV remains a global health crisis and the world must
reckon with the 1.5 million [1.0 million – 2.0 million]
new HIV infections and 680 000 [480 000 – 1 000
000] deaths from AIDS-related causes that occurred in
2020. There were 37.7 million [30.2 million – 45.1
million] people living with HIV in 2020, including
10 million [9.8 million – 10.2 million] who were not
on HIV treatment. Among those not on treatment,
about 4.1 million did not know their HIV-positive status
and 6.1 million knew their HIV status but could not
access treatment [11]. The 90-90-90 targets are: 90%
of people living with HIV know their HIV status,
90% of people who know their HIV-positive status are
accessing treatment, and 90% of people on treatment
have suppressed viral loads. The 90-90-90 targets were
not achieved by 2020, 84% of people living with HIV
knew their HIV status, 87% of people living with HIV
who knew their HIV status were accessing antiretroviral
therapy, and 90% of people on treatment were virally
suppressed [11].

In recent years, there has been an increase in the
number of studies on HIV/AIDS transmission [12–22].
For example, Moya and Marrero [12] presented a
stochastic model using Markov chains to study the
transmission of HIV/AIDS and control chain elements
proposed control strategies. Moya and Marrero pro-
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posed mathematical models for the transmission and
treatment efficiency of HIV/AIDS using ordinary dif-
ferential equations and to study the variation of the
parameters transform system in differential inclusions.

Attaullah and M. Sohaib [14] implemented two nu-
merical schemes for solving the model that has the
behavior of CD4+ T-cells, infected CD4+ T-cells, and
free HIV particles after HIV infection and highlight
the accuracy and efficiency of the proposed schemes
with other traditional schemes. Omondi et al. [15]
presented a sex-stratified mathematical model that takes
into account the sexual orientation of individuals and
incorporates the use of PrEP. Bozkurt and Peker [16]
formulated a mathematical model stratified into three
subclasses, HIV negative, HIV positive who do not
know their serostatus, and HIV positive who know they
are infected and validated the model for India.

Akinwumi et al. [17] formulated and studied a math-
ematical model for the transmission of HIV/AIDS with
early treatment. Ogunlaran and Noutchie [18] proposed
a mathematical model with two control variables, where
the uninfected CD4+T cells follow the logistic growth
function and the incidence term is saturated with free
virus and apply optimal control approach to maximize
the concentration of uninfected CD4+T cells in the
body by using minimum drug therapies. Lu et al. [19]
developed a compartmentalized model for annual re-
porting of HIV in men who have sex with men (MSM)
from 2007 to 2019 in the Zhejiang region and proved
that the 90-90-90 target alone may not eliminate the
HIV epidemic in Chinese men who have sex with men.

Sultanoğlu et al. [20] proposed a mathematical model
to assess the dynamics of HIV infection in Cyprus.
Arenas et al. [21] proposed a mathematical model to
describe intracellular infection accounting for the time
delay between HIV entry and the production of new
virus using differential delay equations. Li et al. [22]
formulated a mathematical model to evaluate the impact
of PrEP, biomedical interventions, and their combina-
tions and studied it over 20 years.

In the references presented above and in others in
the literature, PrEP, PEP, diagnosis, and viral load
undetectability due to treatment adherence are studied
separately. The main contribution of our work is pre-
senting a mathematical model that takes into account all
these elements in the same population. In our approach,
stratification by sex allows us to study the impact of
these elements in the subpopulations of men and women
separately and also in the general population. With this
model, we study how these implementations impact on
the transmission of HIV/AIDS in the subpopulations as

well as in the basic number of reproduction and help
to make decisions.

This paper is organized as follows: in Section 2, we
present the model and we study its mathematical and
epidemiological properties. Section 3 is devoted to illus-
trative situations using computational simulations, and
Section 4 presents the final remarks and the conclusions
of the paper.

II. CONSTRUCTION OF THE MATHEMATICAL
MODEL

The model has 14 compartments and the population
is stratified by biological gender. The compartments of
the model differentiated by sex (H-men, M -Women)
are susceptible (HS , MS), exposed (HE , ME), HIV
positive (HV , MV ), AIDS (HA, MA), undiagnosed
(HN , MN ) and undetectable (HI , MI ). The com-
partments that include both genders are people who
use PrEP (PE) and those who use PEP (PO). The
equations that model the behavior of the susceptibles
using nonlinear ordinary differential equations are:

dHS

dt
= M1 + eHHE + αPFPE + αP1PO

− (µH + αP + λH)HS , (1)
dMS

dt
= M2 + eMME + βPFPE + βP1PO

− (µM + βP + λM )MS . (2)

The M1 and M2 are recruitment rates for men and
women respectively. The HIV-infection rates for men
and women is defined as

λH = α∗ εH1(HN + ε∗HHV + ε∗∗HHA)

N

+ α∗ εH2(MN + ε∗HMV + ε∗∗HMA)

N
, (3)

λM = β∗ εD1(HN + ε∗MHV + ε∗∗MHA)

N

+ β∗ εD2(MN + ε∗MMV + ε∗∗MMA)

N
, (4)

where α∗ and β∗ are the effective contact rates and N
is the total population N = NH + NM + PE + PO,
where NH = HS + HE + HV + HA + HN + HI ,
and NM = MS + ME + MV + MA + MN + MI .
HIV infection rates for men and women are different
because we must take into account the different types
of sexual relations, the exposure of the man or woman,
and the HIV status of the infected person, for which
we use modification parameters. The εH1 is associated
with homosexual contact between men and εD2 with
homosexual contact between women. The εH2 and εD1
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are associated with heterosexual relations starting from
a man and a woman respectively. The serological status
(HIV or AIDS) of the susceptible contact is also taken
into account, by means of modification parameters.
Thus, ε∗H and ε∗M are associated with contact with an
HIV case, and ε∗∗H and ε∗∗M with contact with an AIDS
case. The µH and µM are the natural cause death rates
for men and women, respectively. Parameters eH and
eM are associated with cases that were infected but did
not acquire the virus during exposure. The differential
equations for the behavior of those exposed to HIV are:

dHE

dt
= λHHS (5)

− (eH + αPO + µH + αN + αV + αA)HE ,

dME

dt
= λMMS (6)

− (eM + βPO + µM + βN + βV + βA)ME .

Parameters αPO and βPO represent the rates of people
who were exposed to HIV and at the correct time make
use of PEP, for men and women respectively. The αV

and βV represent the rates for HIV cases that were
diagnosed but did not use PEP and αA and βA for AIDS
for women and men, respectively. In particular, param-
eters αA and βA represent cases that, when exposed
and diagnosed their immune system is compromised
by consequences different from HIV/AIDS, for exam-
ple, cancer, active tuberculosis, or autoimmune disease.
Parameters αN and βN represent exposed cases to the
virus and are undiagnosed and infected that can infect
susceptible individuals in the community. We define dH
and dM as the rate of death in HIV as a consequence
of the virus for males and females, respectively. The
modification parameters τH and τM adapt the virus-
related death in the AIDS state. We assume that death
from the virus in the undiagnosed would be in the AIDS
state since the person does not use treatment and the
immune system would be debilitated. The parameters
αN1 and βN1 represent cases that were undiagnosed
(undiagnosed compartment) and are diagnosed with
HIV and αN2 and βN2 for those diagnosed with AIDS
for men and women respectively. Then, the undiagnosed
compartments are represented as:

dHN

dt
= αNHE (7)

− (µH + τHdH + αN1 + αN2)HN ,

dMN

dt
= βNME (8)

− (µM + τMdM + βN1 + βN2)MN .

We assume that patients in the HIV, AIDS, and unde-
tectable compartments are using antiretroviral therapy,
our model did not account for therapy drop-out cases
as a compartment because those cases may return
over time to the dynamics. We define αV 1 and βV 1

as the rates of HIV cases that are on treatment and
progress to AIDS cases and αV 2 and βV 2 those that
progress from AIDS to HIV status for women and men,
respectively. The parameters αV I and αAI represent the
cases that, with adherence to antiretroviral treatment,
progress from HIV and AIDS status to undetectable
virus status for men and βV I and βAI for women. The
parameters αNH , βNH and αNA, βNA are the cases
that lose the undetectable virus status and move to HIV
and AIDS status. We assume that the cases that die in
the undetectable state do so at the dH and dm rates.
The HIV, AIDS, and undetectable compartments are
modeled with the following equations:

dHV

dt
= αN1HN + αVHE + αV 2HA + αNHHI

+ αP2PO − (µH + dH + αV 1 + αV I)HV ,

dMV

dt
= βN1MN + βVME + βV 2MA + βNHMI

+ βP2PO − (µM + dM + βV 1 + βV I)MV ,

dHA

dt
= αN2HN + αAHE + αV 1HV + αNAHI

− (µH + τHdH + αV 2 + αAI)HA,

dMA

dt
= βN2MN + βAME + βV 1MV + βNAMI

− (µM + τMdM + βV 2 + βAI)MA,

dHI

dt
= αV IHV + αAIHA

− (µH + dH + αNA + αNH)HI ,

dMI

dt
= βV IMV + βAIMA

− (µM + dM + βNA + βNH)MI . (9)

In the PE and PO compartments, we do not differ-
entiate by sex within the compartments, but the entry
and exit are structured by sex. We assume that people
will be in the PEP (PO) compartment until it is not
confirmed that the therapy was effective or not, thus
we have a stage of medication use and periods of time
where HIV tests are repeated.

In the PrEP compartment, we assume that patients
have immunity to HIV/AIDS as long as they correctly
use the precautionary therapy, also providing them
with the information that they have protection from
HIV/AIDS, but not from other sexually transmitted
diseases, such that the use of male and female condoms
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and other means is recommended [23–25]. Parameters
αP and βP are associated with the PrEP use rate of
susceptible men and women, respectively. Parameters
αPF and βPF represent the failure of the therapy either
by lack of health system, non-continuity of use or other
situation and we assume that in that case, the person
is again susceptible to HIV/AIDS. Parameters αP1 and
βP1 represent cases that were exposed and used PEP
and were effective and return to susceptible status and
αP2 and βP2 represent cases that were not effective and
enter the HIV diagnosed compartment. We assume that
the person was not previously infected, as he/she would
be HIV positive in the tests. The equations showing the
behavior of patients using PrEP and PEP are:

dPE

dt
= αPHS + βPMS (10)

− (µH + µM + αPF + βPF )PE ,

dPO

dt
= αPOHE + βPOME (11)

− (µH + µM + αP1 + αP2 + βP1 + βP2)PO.

The Table I shows the definition of the parameters
used in the model (12). Figure 1 shows the dynamics
of the model (12). In summarizing, HIV transmission
with the presence of PrEP, PEP, and with undiagnosed
and undetectable statuses is modeled with the following
system of differential equations:

dHS

dt
= M1 + eHHE + αPFPE + αP1PO (12)

− (µH + αP + λH)HS ,

dMS

dt
= M2 + eMME + βPFPE + βP1PO

− (µM + βP + λM )MS ,

dHE

dt
= λHHS

− (eH + αPO + µH + αN + αV + αA)HE ,

dME

dt
= λMMS

− (eM + βPO + µM + βN + βV + βA)ME ,

dHN

dt
= αNHE − (µH + τHdH + αN1 + αN2)HN ,

dMN

dt
= βNME − (µM + τMdM + βN1 + βN2)MN ,

dHV

dt
= αN1HN + αVHE + αV 2HA + αNHHI

+ αP2PO − (µH + dH + αV 1 + αV I)HV ,

dMV

dt
= βN1MN + βVME + βV 2MA + βNHMI

+ βP2PO − (µM + dM + βV 1 + βV I)MV ,

dHA

dt
= αN2HN + αAHE + αV 1HV + αNAHI

− (µH + τHdH + αV 2 + αAI)HA,

dMA

dt
= βN2MN + βAME + βV 1MV + βNAMI

− (µM + τMdM + βV 2 + βAI)MA,

dHI

dt
= αV IHV + αAIHA

− (µH + dH + αNA + αNH)HI ,

dMI

dt
= βV IMV + βAIMA

− (µM + dM + βNA + βNH)MI ,

dPE

dt
= αPHS + βPMS

− (µH + µM + αPF + βPF )PE ,

dPO

dt
= αPOHE + βPOME

− (µM + µH + αP1 + αP2 + βP1 + βP2)PO,

with the following initial condition:
HS(0) > 0, MS(0) > 0, HE(0) > 0, ME(0) > 0,
HN (0) > 0, MN (0) > 0, HV (0) > 0, MV (0) > 0,
HA(0) > 0, MA(0) > 0, HI(0) > 0, MI(0) > 0,
PE(0) > 0, and PO(0) > 0.

A. Basic Properties

In this section, we establish the positivity of the
solution and find the biologically feasible region. These
results allow us to justify that the model is well posed
in the biologically feasible region.

Theorem II.1. Let the initial data for the model (12)
be HS(0) > 0,MS(0) > 0, HE(0) > 0,ME(0) >
0, HN (0) > 0,MN (0) > 0, HV (0) > 0,MV (0) >
0, HA(0) > 0,MA(0) > 0, HI(0) > 0,MI(0) >
0, PE(0) > 0, and PO(0) > 0. Then, the solutions
(HS(t),MS(t), HE(t),ME(t), HN (t),MN (t), HV (t),
MV (t), HA(t),MA(t), HI(t),MI(t), PE(t), PO(t)) of
the model (12), with positive initial data, will remain
positive for all time t > 0.

Proof: The first equation of the model (12) corre-
sponding to the behavior of susceptible men is:

dHS

dt
= M1 + eHHE + αPFPE + αP1PO

− (µH + αP + λH)HS .

Then,

dHS

dt
≥− (µH + αP + λH)HS . (13)

Biomath 11 (2022), 2208319, https://doi.org/10.55630/j.biomath.2022.08.319 5/28

https://doi.org/10.55630/j.biomath.2022.08.319


Delgado Moya et al, A Mathematical Model for HIV/AIDS Under Pre-Exposure and Post-Exposure Prophylaxis

𝐻𝑆 𝑀𝑆
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𝑃𝐸 𝑃𝑂

𝐻𝑉

𝐻𝐴

𝑀𝑉

𝐻𝐼
𝑀𝐼

𝑀𝐴

Fig. 1: Diagram of model (12).

Table I: Description and numerical values of parameters of the model (12).

Parameter Description Values Reference
M1, M2 Recruitment rates 0.000686N , 0.000714N [15]
α∗, β∗ Effective contact rates 2, 2 [15]
dH , dM HIV death Rate 0.00915, 0.0005 [15], Assumed
µH , µM Natural death rate 0.00139, 0.00139 [15]
αP , βP PrEP use rates 0.08, 0.02 Assumed
αPF , βPF Failure rate use of PrEP 0.08, 0.08 [33]
αPO, βPO Progression rates of exposed to PEP use 0.0001, 0.001 Assumed
αP1, βP1 Effectiveness rate use of PEP 0.96, 0.96 Assumed
αP2, βP2 Failure rate use of PEP 0.04, 0.04 [34]
αV , βV Progression rates of exposed to HIV 0.8, 0.75 Assumed
eH , eM Rate of cases exposed to HIV that became infected

without the use of medication
0.1, 0.05 Assumed

αA, βA Progression rates of exposed to AIDS 0.05, 0.01 Assumed
αN , βN Progression rates of exposed to undiagnosed 0.5, 0.5 [32, 35]
αN1, βN1 Progression rates of undiagnosed to HIV 1.3042, 1.2941 [32], Assumed
αN2, βN2 Progression rates of undiagnosed to AIDS 0.1751, 0.1542 [32], Assumed
αV 1, βV 1 Progression rates of HIV to AIDS 0.096, 0.096 [31, 36]
αV 2, βV 2 Progression rates of AIDS to HIV 0.112, 0.112 [31, 36]
αV I , βV I Progression rates of HIV to undetectable 0.45, 0.65 Assumed
αAI , βAI Progression rates of AIDS to undetectable 0.60, 0.60 Assumed
αNA, βNA Progression rates of undetectable to AIDS 0.15, 0.05 Assumed
αNH , βNH Progression rates of undetectable to HIV 0.45, 0.42 Assumed
τH , τM Modification parameters 1.27, 1.27 [15]
ε∗H , ε

∗
M Modification parameters 0.003, 0.0062 [15]

ε∗∗H , ε
∗∗
M Modification parameters 0.0014, 0.149 [15]

εH , εM Modification parameters 0.05, 0.01 Assumed
εH1, εD2 Modification parameters 0.8, 0.05 Assumed
εH2, εD1 Modification parameters 0.08, 0.2 Assumed

Biomath 11 (2022), 2208319, https://doi.org/10.55630/j.biomath.2022.08.319 6/28

https://doi.org/10.55630/j.biomath.2022.08.319


Delgado Moya et al, A Mathematical Model for HIV/AIDS Under Pre-Exposure and Post-Exposure Prophylaxis

Integrating (13), by separation of variable. We have∫
dHS

HS
≥ −

∫
(µH + αP + λH)dt, (14)

lnHS ≥ −(µH + αP + λH)t. (15)

Applying the exponential function on both sides, we
have:

HS ≥ exp{−(µH + αP + λH)t},
=⇒ HS(t) ≥ HS(0) exp{−(µH + αP + λH)t},
=⇒ HS(t) ≥ 0. (16)

Analogously, a similar result can be shown for MS(t),
HE(t), ME(t), HN (t), MN (t), HV (t), MV (t), HA(t),
MA(t), HI(t), MI(t), PE(t), and PO(t) for t > 0.
Thus, all solutions of the model (12) remain positive
for non-negative initial conditions.

Lemma II.2. The closed set Ω = ΩH × ΩM where

ΩH =

{
(HS , HE , HN , HV , HA, HI) ∈ R6

+

: NH ≤
M1

µH

}
,

ΩM =

{
(MS ,ME ,MN ,MV ,MA,MI) ∈ R6

+

: NM ≤
M2

µM

}
and including PE and P0 is positively-invariant and
attracts all positive solutions of the model (12).

Proof: Given that NH = HS +HE +HV +HA +
HN +HI , and NM = MS +ME +MV +MA +MN +
MI , we have the following expressions:

dNH

dt
≤M1 − µHNH ,

dNM

dt
≤M2 − µMNM .

Then,
dNH

dt
≤ 0, if NH(t) ≥ M1

µH

and
dNM

dt
≤ 0, if NM (t) ≥ M2

µM
.

Hence, a standard comparison Theorem [26] can be
used to show that

NH(t) ≤ NH(0) exp{−µHt}+
M1

µH

(
1− exp{−µHt}

)

and

NM (t) ≤ NM (0) exp{−µM t}+
M2

µM

(
1−exp{−µM t}

)
.

In particular, if NH(0) ≤ M1

µH
and NM (0) ≤ M2

µM
, then

NH(t) ≤ M1

µH
and NM (t) ≤ M2

µM
for all t > 0. Hence,

the domain Ω is positively invariant. Furthermore, if

NH(0) >
M1

µH
an NM (0) >

M2

µM
then either the

solution enters the domain Ω in finite time or NH(t)

approaches
M1

µH
and NM (t) approaches

M2

µM
asymp-

totically as t → ∞. Hence, the domain Ω attracts all
solutions in R14

+ .

B. Basic Reproduction Number

Homosexual sex between men is known to have a
strong impact on the transmission of HIV/AIDS. We
will study the basic reproduction number in the male
and female subpopulation and the influence of PrEP,
PEP, viral load undetectability, and diagnosis on this
important parameter. To find the basic reproduction
numbers for the subpopulations (<H

0 , <M
0 ) and the

general model (<0), we use the new generation matrix
method presented in [27–29].

To study the men’s subpopulation, all the women’s
compartments and the parameters associated with
women (βP , µM , βPF , βP1, βP2) in equations (10) and
(11) are zero.

The infection-free equilibrium point for the men
subpopulation is defined as:

εH0 =
(
SH , 0, 0, 0, 0, 0, 0, 0

)
,

where

SH =
M1

µH + αP
,

and the biologically feasible region is

Ω1
H =

{
(HS , HE , HN , HV , HA, HI , PE , PO) ∈ R8

+

: NH ≤
M1

µH + αP

}
.

Using the next-generation matrix methodology [27–
29], we define the basic reproduction number for the
men subpopulation as:

<H
0 =

<H
0,1

<H
0,2

, (17)
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where

<H
0,1 = M1α

∗εH1

[
ε∗Hk5

(
αP2αPOk2k4

+ k7

(
αV 2(αNαN2 + αAk2)

+ k4(αNαN1 + αV k2)
))

+ ε∗∗H

(
αP2αPOαV 1k2k5

+ k7

(
k5(αV αV 1k2 + αNαN2k3 + αNαN1αV 1)

− αNHαV I(αAk2 + αNαN2)
))

+ αN

(
k7(k3k4k5 − αNHαV Ik4 − αV 1αV 2k5)

− k3k4k5
)

+ αNAαV I

(
αP2αPOε

∗∗
H k2

+ (αV ε
∗∗
H k2 + αNαN1ε

∗∗
H − αNαV 2)k7

)
− αAI

(
αN (αV 1 − αN2ε

∗
H)− αAε

∗
Hk2

)
k7

+ αNA

(
αP2αPOε

∗
Hk2 + αV ε

∗
Hk2k7

+ αN (αN1ε
∗
H + k3)k7

)]
,

<H
0,2 = NHk1k2k7

(
αAI(αNHαV 1 + αNAk3)

+ αV I(αNHk4 + αNAαV 2)− k3k4k5
)
,

k1 = µH + αPO + eH + αN + αV + αA,

k2 = µH + τHdH + αN1 + αN2,

k3 = µH + dH + αV I + αV 1,

k4 = µH + τHdH + αV 2 + αAI ,

k5 = µH + dH + αNA + αNH ,

k6 = µH + αPF ,

k7 = µH + αP1 + αP2.

Now, we list two conditions that, if met, also guar-
antee the global asymptotic stability of the disease-
free equilibrium point. Following [30], we rewrite the
submodel associated to men subpopulation as:

dS

dt
= F (S, I),

dI

dt
= G(S, I), G(S, 0) = 0,

where S ∈ R1
+ is the vector whose components are

the number of uninfected and recovered individuals HS

and I ∈ R7
+ denotes the number of infected, exposed,

undiagnosed, using PrEP and PEP.
The disease-free equilibrium is now denoted by

EH
0 = (SH , 0).
The conditions that must be fulfilled to guarantee the

global asymptotic stability of EH
0 are:

(H1) : For
dS

dt
= F (S, 0),

SH is globally asymptotically stable,

(H2) : G(S, I) = AI −G∗(S, I),

G∗(S, I) ≥ 0, for (S, I) ∈ Ω1
H ,

where A = DIG(SH , 0)
(
the Jacobian of G at (SH , 0)

is DIG(SH , 0)
)

is an M-matrix (the off-diagonal el-
ements of A are non-negative) and Ω1

H is the region
where the submodel makes biological sense (biologi-
cally feasible region).

If the submodel of men subpopulation satisfies the
conditions (H1) and (H2), then the following result
holds.

Lemma II.3. The fixed point EH
0 is a globally asymp-

totically stable equilibrium of submodel provided that
<H

0 < 1 and that the conditions (H1) and (H2) are
satisfied.

Proof: Let F (S, 0) =
(
M1 − (µH + αP )HS

)
. As

F (S, 0) is a linear equation, we have that SH is globally
stable, hence H1 is satisfied.

Then,

A = DIG(SH , 0) =

−k1 α∗εH α∗εHε
∗
H α∗εHε

∗∗
H 0 0 0

αN −k2 0 0 0 0 0
αV αN1 −k3 αV 2 αNH 0 αP2

αA αN2 αV 1 −k4 αNA 0 0
0 0 αV I αAI −k5 0 0
0 0 0 0 0 −k6 0

αPO 0 0 0 0 0 −k7


I = (HE , HN , HV , HA, HI , PE , PO),

G∗(S, I) = AIT −G(S, I),

G∗(S, I) =



G∗
1(S, I)

G∗
2(S, I)

G∗
3(S, I)

G∗
4(S, I)

G∗
5(S, I)

G∗
6(S, I)

G∗
7(S, I)


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=



α∗εH1(HN + ε∗HHV + ε∗∗HHA)

(
1− HS

NH

)
0
0
0
0
0
0


.

Since HS is always less than or equal to NH ,
HS

NH
≤ 1.

Thus, G∗(S, I) ≥ 0 for all (S, I) ∈ Ω1
H and EH

0 is
globally asymptotically stable.

To study the women subpopulation all the men
compartments and the parameters associated with men
(αP , µH , αPF , αP1, αP2) in equations (10) and (11) are
zero.

The infection-free equilibrium point for the women
subpopulation is:

εM0 =
(
SM , 0, 0, 0, 0, 0, 0, 0

)
,

where
SM =

M2

µM + βP
,

and the biologically feasible region is

Ω1
M =

{
(MS ,ME ,MN ,MV ,MA,MI , PE , PO) ∈ R8

+

: NM ≤
M2

µM + βP

}
.

Using the next-generation matrix methodology [27–
29], we define the basic reproduction number for the
women subpopulation as:

<M
0 =

<M
0,1

<M
0,2

, (18)

where

<M
0,1 = M2β

∗εD2

[
ε∗Mk15

(
βP2βPOk12k14

+ k17

(
βV 2(βNβN2 + βAk12)

+ k14(βNβN1 + βV k12)
))

+ ε∗∗M

(
βP2βPOβV 1k12k15

+ k17

(
k15(βV βV 1k12 + βNβN2k13 + βNβN1βV 1)

− βNHβV I(βAk12 + βNβN2)
))

+ βN

(
k17(k13k14k15 − βNHβV Ik14 − βV 1βV 2k15)

− k13k14k15
)

+ βNAβV I

(
βP2βPOε

∗∗
Mk12

+ (βV ε
∗∗
Mk12 + βNβN1ε

∗∗
M − βNβV 2)k17

)
− βAI

(
βN (βV 1 − βN2ε

∗
M )− βAε∗Mk12

)
k17

+ βNA

(
βP2βPOε

∗
Mk12 + βV ε

∗
Mk12k17

+ βN (βN1ε
∗
M + k13)k17

)]
,

<M
0,2 = NMk11k12k17

(
βAI(βNHβV 1 + βNAk13)

+ βV I(βNHk14 + βNAβV 2)− k13k14k15
)
,

k11 = µM + βPO + eM + βN + βV + βA,

k12 = µM + τMdM + βN1 + βN2,

k13 = µM + dM + βV I + βV 1,

k14 = µM + τMdM + βV 2 + βAI ,

k15 = µM + dM + βNA + βNH ,

k16 = µM + βPF ,

k17 = µM + βP1 + βP2.

Using an analogous methodology applied to the
men’s submodel for the case of the women’s submodel,
we obtain the global stability of the infection-free
equilibrium point. The model (12) has a disease-free
equilibrium, given by

εG0 = (SH , SM , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

We computed the basic reproduction number as in the
previous submodels by next-generation matrix method.
The dominant eigenvalues of the next-generation matrix
are <H

0 and <M
0 . Therefore, the basic reproduction

number of the model (12) is

<0 = max{<H
0 ,<M

0 }.

C. Global Stability

Now, we derive the conditions that ensure global
asymptotic stability of the disease-free equilibrium
point. Following [30], we can rewrite the model (12)
as

dS

dt
= F (S, I),

dI

dt
= G(S, I), G(S, 0) = 0,
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where S ∈ R2
+ is the vector whose components are

the number of uninfected and recovered and I ∈ R12
+

denotes the number of infected, exposed, undiagnosed,
using PrEP and PEP.

The disease-free equilibrium is now denoted by
EG

0 = (S∗
0 , 0), where

S∗
0 = (SH , SM ),

SH =
M1

µH + αP
,

SM =
M2

µM + βP
.

The conditions (H1) and (H2) below must be satis-
fied to guarantee the global asymptotic stability of EG

0 :

(H1) : For
dS

dt
= F (S, 0),

S∗
0 is globally asymptotically stable,

(H2) : G(S, I) = AI −G∗(S, I),

G∗(S, I) ≥ 0, for (S, I) ∈ Ω,

where A = DIG(S∗
0 , 0)

(
the Jacobian of G at (S∗

0 , 0) is
DIG(S∗

0 , 0)
)

is an M-matrix (the off-diagonal elements
of A are non-negative) and Ω is the biologically feasible
region.

We have the following result:

Theorem II.4. The fixed point EG
0 is a globally asymp-

totically stable equilibrium of model (12) provided that
<0 < 1 and that the conditions (H1) and (H2) are
satisfied.

Proof: Let

F (S, 0) =

(
M1 − (µH + αP )HS

M2 − (µM + βP )MS

)
.

As F (S, 0) is a linear equation, we obtain that S∗
0 is

globally asymptotic stable, thus H1 is satisfied.
Then, A = [A1 | A2], where

A1 =

−k1 0 α∗εH1 α∗εH2 α∗εH1ε
∗
H α∗εH2ε

∗
H

0 −k11 α∗εD1 α∗εD2 α∗εD1ε
∗
M α∗εD2ε

∗
M

αN 0 −k2 0 0 0
0 βN 0 −k12 0 0
αV 0 αN1 0 −k3 0
0 βV 0 βN1 0 −k13
αA 0 αN2 0 αV 1 0
0 βA 0 βN2 0 βV 1

0 0 0 0 αV I 0
0 0 0 0 0 βV I

0 0 0 0 0 0
αPO βPO 0 0 0 0



A2 =

α∗εH1ε
∗∗
H α∗εH2ε

∗∗
H 0 0 0 0

α∗εD1ε
∗∗
M α∗εD2ε

∗∗
M 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
αV 2 0 αNH 0 0 αP2

0 βV 2 0 βNH 0 βP2

−k4 0 αNA 0 0 0
0 −k14 0 βNA 0 0
αAI 0 −k5 0 0 0
0 βAI 0 −k15 0 0
0 0 0 0 −k6 − k16 0
0 0 0 0 0 −k7 − k17


I = (HE ,ME , HN ,MN , HV ,MV ,

HA,MA, HI ,MI , PE , PO),

G∗(S, I) = AIT −G(S, I),

G∗(S, I) =



G∗
1(S, I)

G∗
2(S, I)

G∗
3(S, I)

G∗
4(S, I)

G∗
5(S, I)

G∗
6(S, I)

G∗
7(S, I)

G∗
8(S, I)

G∗
9(S, I)

G∗
10(S, I)

G∗
11(S, I)

G∗
12(S, I)



=



α∗(εH1(HN + ε∗HHV + ε∗∗HHA)

+εH2(MN + ε∗HMV + ε∗∗HMA)
)(

1− HS

N

)
β∗(εD1(HN + ε∗MHV + ε∗∗MHA)

+εD2(MN + ε∗MMV + ε∗∗MMA)
)(

1− MS

N

)
0
0
0
0
0
0
0
0
0
0



.

Since HS , and MS are always less than or equal to N,
HS

N
≤ 1, and

MS

N
≤ 1. Thus, G∗(S, I) ≥ 0 for all

(S, I) ∈ Ω, the EG
0 is globally asymptotically stable.
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III. NUMERICAL SIMULATIONS

For the numerical simulations, we use a set of param-
eters extracted from [6, 15, 31–36] for illustrative pur-
poses and to support the analytical results, see Tables
I-II. We use the fourth-order Runge–Kutta numerical
scheme coded in MATLAB2021b programming lan-
guage. The initial conditions do not represent a specific
demographic area, but fall within the range of actual
achievable data, see Table II. The parameter values and
initial conditions assumed were discussed and validated
by specialists. In particular, for the assumed parameters,
the behavior of the disease, treatment, and transmission
for men and women were taken into account.

Table II: Numerical values for the initial conditions of
model (12).

Variable Value Variable Value
HS(0) 12000000 MS(0) 11700000
HE(0) 25000 ME(0) 12000
HN (0) 55000 MN (0) 35000
HV (0) 60000 MV (0) 45000
HA(0) 9000 MA(0) 3000
HI(0) 5000 MI(0) 3500
PE(0) 10000 PO(0) 3000

In the susceptible compartments, women after the
year of study outnumber men until the end. Therefore,
women manage to maintain a higher number of suscep-
tible cases. Susceptible males decrease during the whole
study, which implies that males enter in greater numbers
in the dynamics concerning females, see Figure 2a. In
the exposed compartments, there is a higher number of
exposed cases compared to women, but at the end of the
period, the opposite situation occurs. In both subpop-
ulations, the number of exposed cases increases at the
beginning of the study, but decreases approximately one
year later until the end of the study, see Figure 2b. In the
undiagnosed, a decrease was reported throughout the
study period. This is a favorable factor for the dynamics
because it is evidence that we were able to diagnose the
cases and apply treatment, see Figure 2c.

In the HIV compartments, we see that at the begin-
ning of the study we have an increase in the num-
ber of cases. Approximately one year into the study,
both subpopulations have a decrease until the end of
the study, this is significant because the cases either
become undetectable or reach the AIDS stage because
HIV/AIDS still has no cure. Throughout the study, more
men were reported to be HIV positive than women, but
at the end of the study period the opposite was the case,
see Figure 2d. In the AIDS compartments, it occurs

analogously to HIV. In the beginning, a growth that
reaches the maximum value at approximately two years
of age. AIDS males outnumber females throughout the
study. Regarding the number of cases, the decrease is
more significant in men than in women, see Figure 2e.
In the case of AIDS women, the minimum value of
cases reported is the initial value, which implies that
throughout the study women exceeded the initial value.
In the case of men with AIDS, the value reached was
at the end of the period with ≈ 8300 cases reported
when the initial value was 9000 cases. A greater number
of HIV cases than AIDS cases were reported for both
subpopulations. Diagnosed infected males outnumbered
females and the reduction in HIV and AIDS during
the study concerning the number of cases was more
significant in males than in females.

As we report a reduction in the number of HIV
and AIDS cases, there is an increase in the number
of undetectable cases. This means that treatment is
having a positive impact and that we have adherence to
treatment concerning undetectability. At the beginning
of the study we reported a higher number of unde-
tectable cases in men than in women, but approximately
8 years into the study the opposite is true. In men,
approximately 4 years into the study, there was a sig-
nificant decrease in the number of undetectable cases,
see Figure 2f. In scenarios with characteristics similar
to those of our study, we recommend a more rigorous
control of the correct use of the treatment through more
continuous consultations and resistance tests to avoid a
decrease in the number of undetectable cases in men
and women, mainly men due to the impact they have
on transmission. Achieving viral load undetectability
helps to control the epidemic because a person with
an undetectable viral load does not transmit the virus
in the main form of transmission, sexual transmission.

Throughout the study, there is a growth in the number
of people using PrEP therapy and it is an important
tool to prevent the transmission of the virus in society,
see Figure 3a. In the case of PEP use, the number
of cases decreases significantly from the beginning,
see Figure 3b. The use of PEP needs awareness of
the people who were exposed because the difficulty
is to apply the therapy quickly after the risk contact,
otherwise there is no effectiveness. Better results are
achieved if carrying out campaigns to promote the use
of PrEP and PEP and raise awareness among doctors
and police authorities about the use of PEP and have it
as the first action in cases of rape. In the specific case
of PrEP, we can reduce the impact of HIV/AIDS if
we increase the number of sexually active people using
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this therapy. We know that it has a high cost but it is
effective and even more so if we stimulate the use of
male and female condoms and adherence to treatment
of seropositive cases.

A. Basic Reproduction Number Study

The objective of this section is to study the behavior
of basic reproduction numbers when we vary the rates
associated with PrEP, PEP, undetectability in HIV and
AIDS. If 0 < <0 < 1 the infection will die out in
the long run and if <0 > 1 the infection will be able
to spread in a population [27]. The higher the <0 the
more difficult it is to control the epidemic. The <0 can
be affected by several factors, such as the duration of
infectivity of the affected patients, the infectivity of
the organism, and the degree of contact between the
susceptible and infected populations.

For αP ∈ [0.08, 0.7] then <H
0 ∈ [0, 1570, 1.3570],

it takes values greater and less than unity. For αP ≈
0.109, <H

0 = 1.000 and as the behavior is decreasing,
we have that for αP > 0.107, <H

0 is less than unity, see
Figure 4a. This means that if we get the rate of men
using PrEP to be greater than the unity we manage
to reduce infectiousness in the subpopulation. When
βP ∈ [0.02, 0.4] the <M

0 ∈ [0.0189, 0.3544], and its
behavior is decreasing, and for any variation of βP
increasing <M

0 is reduced, see Figure 4b. In this case,
as the basic reproduction number of the general model
is the maximum per subpopulation, we have that if
we manage to reduce <H

0 , we reduce the infectivity in
the population. This is evidence of the high degree of
infectivity in men who have sex with men that affects
the general population.

For the parameters associated with the use of PEP,
we have the following results. For αPO ∈ [0.0001, 0.5],
then <H

0 ∈ [1.0982, 1.3528], i.e. for any variation
of αPO, <H

0 takes values greater than unity but has
a decreasing behavior, see Figure 4c. In the case of
βPO ∈ [0.001, 0.6], then <M

0 ∈ [0.2449, 0.3544] and
has a decreasing behavior, see Figure 4d. In this case,
we conclude that the use of PEP independently does not
reduce the infectivity of HIV/AIDS in the population
because it will be greater than unity.

To study the influence on the basic reproduction
number of adherence to treatment concerning unde-
tectability, we start with HIV cases. For αV I , βV I ∈
[0.40, 0.90], the <H

0 ∈ [1.1211, 1.5818], <M
0 ∈

[0.3106, 0.3982] and are increasing but in males it
is greater than unity for the variation of αV I , see
Figures 5a-5b. In AIDS we have that for αAI , βAI ∈
[0.40, 0.90], then <H

0 ∈ [1.0067, 1.3528], <M
0 ∈

[0.3544, 0.4391] but here the male population decreases
but is greater than unity and the female population
decreases and is less than unity, see Figures 5c-5d. For
the case of men as it is always greater than unity, we
must study the relationship of the parameters αV I , αAI

with others to create a strategy to reduce this value and
to maintain in women a constant study to avoid that
this growth does not lead to values greater than unity.

In summary, in the case of any independent variation
of the parameters associated with the use of PrEP, PEP,
and undetectability of viral load in HIV and AIDS,
values greater than unity are found, which means that
men who have sex with men continue to contribute to
HIV/AIDS infectiousness in the population despite the
strategies applied.

We are now going to report the joint relationships
of these parameters focusing on the parameter αV I

because of its increasing behavior and greater than
unity.

For αAI , αV I ∈ [0.4, 0.9], we have that when αAI

takes smaller values and αV I its larger values <H
0

is less than unity, see Figures 6a-6b. This evidences
the influence that HIV has a greater subpopulation of
men concerning AIDS and that antiretroviral therapy
achieves effectiveness in less time concerning AIDS.

For αPO ∈ [0.0001, 0.5] and αV I ∈ [0.4, 0.9] here
<H

0 is always greater than unity. In this case, with
antiretroviral therapy in HIV and the use of PEP alone,
it is not possible to achieve a <H

0 less than unity and
thus reduce the transmission of HIV/AIDS, see Figures
6c-6d.

When we study αP ∈ [0.08, 0.7] and αV I ∈
[0.4, 0.9], <H

0 reaches values greater and less than unity,
see Figures 6e-6f. This shows that by achieving greater
adherence to treatment with respect to undetectability
and by increasing the rate of PrEP use in men, we can
achieve a <H

0 lower than unity and reduce HIV/AIDS
transmission in the population.

We remind the reader that there is currently no cure
for HIV/AIDS. This way, if the value of the basic
reproduction number is lower than unity this does not
mean the disappearance of the disease. In addition,
since <0 = max{<H

0 ,<M
0 }, if <H

0 > 1 then this affects
the whole dynamics. With this subpopulation study of
the basic reproduction number, we were able to verify
the influence that men who have sex with men have on
the transmission and control of the epidemic.

Carrying out an analogous study for the women
subpopulation, the behavior of the joint variations is
analogous to that of the men subpopulation (the max-
imum values of the basic reproduction number are
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reached when βAI , βPO and βP achieve the maximum
value under study) but the basic reproduction number
is always less than unity, see Figure 7.

B. PrEP Effect

The aim of this section is to study the impact of
the rate of PrEP use on the dynamics of HIV/AIDS.
We will use the fixed values of Table I and vary
the parameters αP and βP using logical values and
discussed with epidemiologists. For αP , we study the
values 0.08, 0.2, 0.4, 0.5, 0.7 and for βP , the values
0.02, 0.1, 0.25, 0.3, 0.4.

Table III shows the value of the basic reproduction
number for the studied parameter values. In this case
of the variation of αP we have <0 = <H

0 but it affects
all the dynamics. We can observe that in men the <0

is greater than unity for αP = 0.08 and for the other
values less than unity and this implies that the behavior
of reduction of <0 is combined with the reduction of
HIV and AIDS cases (see Figure 8a-8d) but in the
case of αP = 0.08 we should study this behavior
because using the <0 as a parameter that measures the
infectivity in the population for that case despite the
decrease of male HIV and AIDS cases the epidemic
is not extinguished. In the case of the variation of βP ,
in the female subpopulation the <M

0 is less than unity
but as the <0 = max{<H

0 ,<M
0 } the epidemic in the

population is not extinguished for this variation of <M
0 .

Interpreting the results obtained in Table V, we can
observe that αP significantly influences the reduction
in HIV/AIDS in men and βP in HIV/AIDS in women
independently. In the case of αP there was a reduction
in the intervals of the reported HIV and AIDS cases
in men (minima and maxima) and for women too, but
not significantly. For the variation of βP in men the
opposite situation occurs, for higher βP the number
of male cases increases (minima and maxima), and
the number of female cases decreases (minima and
maxima). This factor is related to the fact that we set
αP = 0.08 and provides evidence that it is necessary to
increase the rate of PrEP use in men to achieve better
results. The graphical behavior for the variation of αP

and βP is shown in Figures 8-9. In the case of the
exposed men, the most significant result is that when
we increase αP the number of exposed men decreases
but the variation of αP in women is not significant
and for the βP variations the opposite is the case, see
Figures 8e, 8f, 9e and 9f. Another important result is
that the initial condition of women with AIDS (3000
cases) for any variation of αP and βP is not reduced,

Table III: Values of the basic reproduction numbers for
the parameter values αP and βP .

αP <H
0 <0 βP <M

0 <0

0.08 1.3570 1.3570 0.02 0.3544 1.3570
0.1 1.0880 1.0880 0.1 0.0784 1.3570
0.4 0.2747 0.2747 0.25 0.0288 1.3570
0.5 0.2195 0.2195 0.3 0.0245 1.3570
0.7 0.1570 0.1570 0.4 0.0189 1.3570

Table IV: Values of the basic reproduction numbers for
the parameter αPO and βPO.

αPO <H
0 <0 βPO <M

0 <0

0.001 1.3528 1.3528 0.001 0.3544 1.3528
0.01 1.3552 1.3552 0.01 0.3408 1.3528
0.09 1.3001 1.3001 0.2 0.3017 1.3528
0.2 1.2412 1.2412 0.3 0.2849 1.3528
0.5 1.0982 1.0982 0.4 0.2449 1.3528

so the variation of these parameters (independent form)
in this situation was not effective.

For the study of the joint variation of αP and βP ,
we created three possible scenarios discussed with the
specialists:

• Scenario I: αP = 0.08, βP = 0.02 (fixed values
from Table I) with <0 = 1.3570.

• Scenario II: αP = 0.2, βP = 0.25 (αP < βP )
with <0 = 0.5485.

• Scenario III: αP = 0.70, βP = 0.40 (αP > βP )
with <0 = 0.1570.

The value of <0 in these scenarios shows that scenar-
ios II and III have <0 lower than unity, which implies
that this variation can lead to the extinction of the
epidemic, which is the opposite of what happens in the
scenario I.

The study of the three scenarios showed that sce-
narios II and III reduce the number of cases of HIV
and AIDS in men and women concerning scenario I,
which is the one with the values under study. The
best results in the reduction of cases were obtained
in scenario III, which shows that by achieving better
results in the use of PrEP in men, we can reduce the
impact of the epidemic, see Figure 10. In the studies of
the HIV/AIDS epidemic, it was shown that men have
a greater impact on transmission compared to women,
so when we increase the number of men who use PrEP,
we avoid having more infected, and that exposure to the
virus does not lead consequently to infection due to the
effectiveness of PrEP therapy. For our study and others
like it, we recommend increasing the use of PrEP in
sexually active people, with an emphasis on men.
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Table V: Minimum and maximum values for αP and βP for the different HIV/AIDS compartments.

HIV Men HIV Women AIDS Men AIDS Women
αP Min Max Min Max Min Max Min Max
0.08 36765 81553 38088 53161 8338 21173 3000 10518
0.2 35583 81211 38031 53161 8058 21050 3000 10517
0.4 34301 80719 38805 53161 7757 20877 3000 10515
0.5 33836 80507 37980 53162 7649 20802 3000 10514
0.7 33107 80123 37926 53163 7480 20670 3000 10512
βP Min Max Min Max Min Max Min Max
0.02 36765 81553 38008 53161 8338 21173 3000 10518
0.1 36654 81560 36723 53085 8356 21175 3000 10459

0.25 36954 81569 35122 52959 8383 21179 3000 1364
0.3 36983 81571 34733 52921 8390 21180 3000 10337
0.4 37034 81574 34092 52849 8402 21183 3000 10286

Table VI: Minimum and maximum values for αPO and βPO for the different HIV/AIDS compartments.

HIV Men HIV Women AIDS Men AIDS Women
αPO Min Max Min Max Min Max Min Max

0.0001 36765 81553 38088 53161 8338 21173 3000 10518
0.001 36754 81547 38006 53161 8333 21171 3000 10517
0.09 35763 80928 37829 53172 8103 20981 3000 10514
0.2 34727 80250 37642 53186 7862 20771 3000 10496
0.5 32637 78749 37255 53221 7377 20304 3000 10518
βPO Min Max Min Max Min Max Min Max
0.001 36765 81553 38088 53161 8338 21173 3000 10518
0.01 36765 81556 37916 53137 8337 21173 3000 10507
0.2 36753 81576 36237 52710 8334 21173 3000 10298
0.3 336749 81587 35520 52518 8324 21174 3000 10207
0.6 36737 81612 33838 52037 8329 21174 3000 9984

C. PEP Effect

In this section, we study the influence of the PEP
usage rate on HIV/AIDS dynamics. We study the
variation of para αPO and βPO independently. We
simulate for αPO = 0.0001, 0.001, 0.09, 0.2, 0.5 and
βPO = 0.001, 0.01, 0.2, 0.3, 0.6 independently, which
were discussed with specialists.

Table IV shows the value of the basic reproduction
number for the studied parameter values. In this case
of the variation of αPO, we have <0 = <H

0 is always
greater than unity which implies that with this variation
of the parameter the epidemic is not going to disappear
using the basic reproduction number as a base. In the
case of the variation of βPO, in the subpopulation of
women the <M

0 is always less than unity but the <0 is
greater than unity and the epidemic in the population is
not extinguished even though the number of HIV and
AIDS cases are reducing at the end of the study period,
see Figures 11a-11d.

For the variation of αPO, we have that in men and
women for higher a, fewer cases are reported. Better
results were achieved for males with respect to females.
For the cases where αPO = 0.0001 and αPO = 0.001

the difference in the results was not significant so we
need better results in the use of PEP, see Table VI and
Figures 11a-11b.

In AIDS cases, the same is true for HIV in men and
women. In the case of women, for no value of αPO,
the minimum value, which is the initial condition, was
able to be reduced, see Table VI and Figures 11c-11d.

For the variations of βPO, we have that for male
HIV there is no significant reduction in the number of
cases. In this case, we recommend implementing other
strategies to reduce male HIV cases. For female HIV
cases, a reduction in the number of cases is achieved
for higher values of βPO, except for βPO = 0.001 and
βPO = 0.01 where there is no significant difference in
the number of cases. Better results would be obtained
if βPO were greater than 0.01, see Figures 12a-12b.
For AIDS cases, a similar situation occurs as for HIV.
We also fail to reduce the minimum number of women,
which is the initial condition (3000 cases), see Table VI
and Figures 12c-12d.

For neither of the variations were we able to reduce
the minimum value of female AIDS, which is the initial
condition.
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Fig. 2: Behavior of men and women compartments for the values in Tables I-II, for a 10-year study.
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Fig. 3: PrEP and PEP use in the population for the values presented in Tables I-II, for 10 years of study.
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Fig. 4: Behavior of the basic reproduction number with respect to the parameters associated with the use of PrEP
and PEP.
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Fig. 5: Behavior of basic reproduction number with respect to parameters associated with undetectability in HIV
and AIDS.

D. Undetectable Viral Load Effect

An undetectable HIV viral load is an important
achievement in adherence to antiretroviral therapy. In
this section, we study the rate of adherence to treatment
with respect to viral load from HIV and AIDS status
for men and women together. For the variation of αV I

and βV I , we study the following scenarios:

• Scenario I: αV I = 0.65 and βV I = 0.65 (fixed
values of Table I) with <0 = 1.3570.

• Scenario II: αV I = 0.65 and βV I = 0.20 (αV I >
βV I ) with <0 = 1.3570.

• Scenario III: αV I = 0.25 and βV I = 0.45 (αV I <
βV I ) with <0 = 1.3570.

• Scenario IV: αV I = 0.90 and βV I = 0.90
(objective of the health systems and WHO) with

<0 = 1.5818.

Using the value of <0 as a reference, and according
to the model, these studied scenarios do not make the
epidemic disappear.

In the case of HIV men, scenarios I and II did not
have a significant difference in the reduction of the
number of HIV cases, the worst results were achieved
for scenario III and the best and most significant result
regarding the reduction of HIV cases was scenario IV,
see Figure 13a. In HIV-positive women, better results
are obtained for higher βPO and the most significant
reduction in cases was scenario IV, see Figure 13b.

In the case of AIDS for women and men, the best
results for both sexes were achieved by scenario IV, see
Figures 13c-13d.
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Fig. 6: Graphical behavior for the variation of parameters associated with the use of PrEP, PEP, and undetectability
in viral load for HIV and AIDS in the <H
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Fig. 7: Graphical behavior for the variation of parameters associated with the use of PrEP, PEP, and undetectability
in viral load for HIV and AIDS in the <M

0 .
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Fig. 8: Behavior of HIV, AIDS and exposed for men and women varying αP , 10-year study.
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Fig. 9: Behavior of HIV, AIDS and exposed for men and women varying βP , 10-year study.

Biomath 11 (2022), 2208319, https://doi.org/10.55630/j.biomath.2022.08.319 21/28

https://doi.org/10.55630/j.biomath.2022.08.319


Delgado Moya et al, A Mathematical Model for HIV/AIDS Under Pre-Exposure and Post-Exposure Prophylaxis

0 1 2 3 4 5 6 7 8 9 10

Time (years)

3

4

5

6

7

8

9
C

a
s
e
s

104 HIV Men

p
=0.7, 

p
=0.4

p
=0.2, 

p
=0.25

p
=0.08, 

p
=0.02

(a) HIV-positive men for different αP and βP .

0 1 2 3 4 5 6 7 8 9 10

Time (years)

3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

C
a
s
e
s

104 HIV Women

p
=0.7, 

p
=0.4

p
=0.2, 

p
=0.25

p
=0.08, 

p
=0.02

(b) HIV-positive women for different αP and βP .

0 1 2 3 4 5 6 7 8 9 10

Time (years)

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

C
a
s
e
s

104 AIDS Men

p
=0.7, 

p
=0.4

p
=0.2, 

p
=0.25

p
=0.08, 

p
=0.02

(c) AIDS men for different αP and βP .

0 1 2 3 4 5 6 7 8 9 10

Time (years)

3000

4000

5000

6000

7000

8000

9000

10000

11000

C
a
s
e
s

AIDS Women

p
=0.7, 

p
=0.4

p
=0.2, 

p
=0.25

p
=0.08, 

p
=0.02

(d) AIDS women for different αP and βP .

Fig. 10: Study of the joint variations of the HIV and AIDS compartments for men and women.

Now, let’s study the scenarios for virus undetectabil-
ity in AIDS:

• Scenario I: αAI = 0.40 and βAI = 0.40 (fixed
values of Table I)) with <0 = 1.3528.

• Scenario II: αAI = 0.70 and βAI = 0.20 (αV I >
βV I ) with <0 = 1.0979.

• Scenario III: αAI = 0.30 and βAI = 0.50 (αV I <
βV I ) with <0 = 1.5085.

• Scenario IV: αAI = 0.90 and βAI = 0.90
(objective of the health systems and WHO) with
<0 = 1.0067.

Using the value of <0 as a reference, and according
to the model, these studied scenarios do not make the
epidemic disappear.

In the case of HIV cases, scenario IV has a variable
behavior but does not give the best results in the

reduction of HIV cases. In the case of women, the
results achieved are better than those for men, see
Figure 14a-14b. In women, the best results are achieved
in scenario II. In the AIDS cases, for both women and
men, the best results are achieved for scenario IV. In
the case of men, the results show that for higher αAI ,
the number of AIDS cases is reduced the most. In the
case of women, the same is true for the βAI values, see
Figures 14c-14d. These results of independent αV I and
βV I variations show that we should think about other
joint implementations to achieve better results.

Now, let us study all the joint implementations in the
following scenarios:

• Scenario I: αV I = 0.65, βV I = 0.65 αAI = 0.40
and βAI = 0.40 (fixed values of Table I) with
<0 = 1.3066.
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Fig. 11: Study of the compartments of HIV and AIDS for different values of αPO.

• Scenario II: αV I = 0.65, βV I = 0.20 αAI = 0.70
and βAI = 0.20 with <0 = 1.0979.

• Scenario III: αV I = 0.90, βV I = 0.90 αAI = 0.90
and βAI = 0.90 with <0 = 1.1421.

Scenario III uses the parameters with the value 90-90-
90 proposed by the WHO, focused on the effectiveness
of treatment in HIV and AIDS. According to the model,
and using the <0 threshold, we see that it is greater than
unity in all scenarios, such that with this alone the virus
does not disappear from the population.

The best results in the reduction of the number of
HIV and AIDS are achieved for scenario III, i.e. the
parameters at 90-90-90. This means that by having a
treatment adherence rate of 0.90 for HIV and AIDS,
it is possible to reduce all compartments of diagnosed
infected people, which is an objective proposed by the

health system, see Figure 15. Particularly in AIDS men,
the second-best scenario is when αV I > βV I and
αAI > βAI , see Figure 15c. In AIDS women, when
the rates for male and female HIV and male and female
AIDS are equal, see 15d. In HIV men, the other two
scenarios do not have a significant difference and in
HIV women, it is the same as in AIDS females, see
Figures 15a-15b.

In summary, all the implementations studied (PrEP,
PEP, and viral load undetectability due to treatment
adherence) and all the proposed scenarios succeed in
reducing the impact of HIV/AIDS in the population
implementing simultaneously in men and women. Par-
ticularly in women with AIDS, we have not managed
to reduce the minimum value reached in the initial
condition, but the best results are achieved by the
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Fig. 12: Study of the compartments of HIV and AIDS for different values of βPO.

simultaneous HIV and AIDS undetectability. Unde-
tectability rates at 0.90 show the best results and are
a goal to be achieved worldwide. We propose to apply
simultaneously all the strategies with the objective that
with undetectability the infected patients do not transmit
the virus, with PrEP we reduce the risk of exposure and
the risk of transmission of the virus.

IV. CONCLUSIONS

In this paper, we propose a mathematical model to
jointly study the use of PrEP, PEP, diagnosis, and viral
load undetectability in HIV and AIDS patients in the
same dynamic. In the construction of the model, we
took into account heterosexual and homosexual sexual
relations and infectiousness in HIV and AIDS. We
prove the existence and positivity of the solution of
the model and found the biologically feasible region.

We study the free-infection equilibrium point for the
relationship with the basic reproduction number. We
study the basic reproduction number for the male and
female subpopulations and also for the complete model.
We decided to study men independently because of the
influence of homosexual relationships on the spread of
HIV/AIDS. We demonstrated the global stability of the
infection-free equilibrium points by subpopulation and
general. To explore our model, we build a scenario
with assumed values and data from the literature to
perform computational simulations. Among the results
obtained for this scenario, we have that the basic
reproduction number in women when we vary the
parameters associated with the use of PrEP, PEP, and
undetectability in HIV and AIDS is always less than
unity. In the case of men, when we study the parameter
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Fig. 13: Behavior of HIV, AIDS and undetectable for the joint variations of αV I and βV I .

αV I independently is always greater than unity. We
study the joint behavior and the relationships between
the undetectability between HIV and AIDS and the
undetectability in HIV and the use of PrEP we can find
situations to reduce the transmissibility of HIV/AIDS
in the population. When we study the behavior of the
compartments, the subpopulations of women maintain
a higher number of susceptibles compared to men,
which is a benefit because they expose fewer people
to the virus. In the exposed, men at the beginning
report a higher number compared to women but at
the end of the study, the same situation occurs, but in
both subpopulations the exposed decreases over time.
In the case of those not diagnosed with the virus,
there is a decrease in both subpopulations, which is
a favorable factor because we were able to control a

greater number of cases. In the HIV and AIDS groups in
both subpopulations, there is a growth in the number of
reported cases at the beginning and then they decrease.
In AIDS, men report more cases than women during the
whole study and in HIV the same thing happens but at
the end of the period, women report more cases than
men. This is evidence that we need to pay attention to
the female subpopulation. The number of cases reported
using PrEP is increasing throughout the study, and it is
a favorable element, because in addition to having these
cases controlled with constant examinations, they do not
represent a risk of transmission. The number of cases
reported using PEP decreases throughout the study, but
we must keep in mind that PEP treatment is short and
we also have the difficulty of the time to start treatment
to be effective.
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Fig. 14: Behavior of HIV, AIDS and undetectable for the joint variations of αAI and βAI .

We also study the direct influence of PrEP, PEP,
and undetectability on HIV and AIDS in the groups
defined in the model and we can conclude that in
the scenarios constructed some variant manages to
reduce HIV and AIDS cases but we have a problem
in controlling female AIDS. In particular, the best
results in the reduction of the number of HIV and
AIDS are reached when we achieve an efficacy of
0.90 for viral load undetectability in HIV and AIDS
in both sexes which coincides with the WHO’s 90-
90-90 strategy. This model can help health decision-
making authorities to reduce the impact of HIV/AIDS.
In future works, we intend to study the problem of
optimal control to reduce the impact of HIV/AIDS,
study real scenarios, estimation of parameters, and by
using other mathematical approaches.
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Matemáticas, 30(2):87-93, 2016.

[14] Attaullah, M. Sohaib, “Mathematical modeling and numerical
simulation of HIV infection model”, Results in Applied Math-
ematics, 7, Art. 100118, 2020.

[15] E.O. Omondi, R.W. Mbogo, L.S. Luboobi, “Mathematical anal-
ysis of sex-structured population model of HIV infection in
Kenya”, Letters in Biomathematics, 5(1):174-194, 2018.

[16] F. Bozkurt, F. Peker, “Mathematical modelling of HIV epidemic
and stability analysis”, Advances in Difference Equations, 2014,
Art. 95, 2014.

[17] T.O. Akinwumi, I.A. Olopade, A.O. Adesanya, M.O. Alabi, “A
Mathematical Model for the Transmission of HIV/AIDS with
Early Treatment”, Journal of Advances in Mathematics and
Computer Science, 36(5):35-51, 2021.

[18] O.M. Ogunlaran, S.C.O. Noutchie, “Mathematical Model for
an Effective Management of HIV Infection”, BioMed Research
International, 2016, Art. 4217548, 2016.

Biomath 11 (2022), 2208319, https://doi.org/10.55630/j.biomath.2022.08.319 27/28

https://doi.org/10.1186/s12879-021-06608-4
https://doi.org/10.1186/s12879-021-06608-4
https://doi.org/10.1056/NEJMoa0807252
https://doi.org/10.1056/NEJMoa0807252
https://doi.org/10.1056/NEJMoa0807252
https://doi.org/10.1056/NEJMoa0807252
https://doi.org/10.1056/NEJMoa1011205
https://doi.org/10.1056/NEJMoa1011205
https://doi.org/10.1056/NEJMoa1011205
https://doi.org/10.1056/NEJMoa1011205
https://doi.org/10.1186/s12889-020-10135-3
https://doi.org/10.1186/s12889-020-10135-3
https://doi.org/10.1186/s12889-020-10135-3
https://www.safeta.org/page/examprocessstihiv/
https://doi.org/10.1590/0037-8682-600-2020
https://doi.org/10.1590/0037-8682-600-2020
https://doi.org/10.1590/0037-8682-600-2020
https://doi.org/10.1590/0037-8682-600-2020
https://doi.org/10.1590/0037-8682-600-2020
https://www.unaids.org/sites/default/files/media_asset/90-90-90_en.pdf
https://www.unaids.org/sites/default/files/media_asset/90-90-90_en.pdf
https://doi.org/10.15517/rmta.v24i2.29869
https://doi.org/10.15517/rmta.v24i2.29869
https://doi.org/10.15517/rmta.v24i2.29869
https://www.researchgate.net/profile/Erick-Manuel-Delgado-Moya/publication/324546253_Mathematical_models_defines_by_EDOs_for_HIVAIDS_and_with_Control_Strategies/links/5bc9fb7192851cae21b425b2/Mathematical-models-defines-by-EDOs-for-HIV-AIDS-and-with-Control-Strategies.pdf
https://www.researchgate.net/profile/Erick-Manuel-Delgado-Moya/publication/324546253_Mathematical_models_defines_by_EDOs_for_HIVAIDS_and_with_Control_Strategies/links/5bc9fb7192851cae21b425b2/Mathematical-models-defines-by-EDOs-for-HIV-AIDS-and-with-Control-Strategies.pdf
https://www.researchgate.net/profile/Erick-Manuel-Delgado-Moya/publication/324546253_Mathematical_models_defines_by_EDOs_for_HIVAIDS_and_with_Control_Strategies/links/5bc9fb7192851cae21b425b2/Mathematical-models-defines-by-EDOs-for-HIV-AIDS-and-with-Control-Strategies.pdf
https://doi.org/10.1016/j.rinam.2020.100118
https://doi.org/10.1016/j.rinam.2020.100118
https://doi.org/10.1016/j.rinam.2020.100118
https://doi.org/10.30707/LiB5.1Omondi
https://doi.org/10.30707/LiB5.1Omondi
https://doi.org/10.30707/LiB5.1Omondi
https://doi.org/10.1186/1687-1847-2014-95
https://doi.org/10.1186/1687-1847-2014-95
https://doi.org/10.1186/1687-1847-2014-95
http://repository.elizadeuniversity.edu.ng/jspui/handle/20.500.12398/1296
http://repository.elizadeuniversity.edu.ng/jspui/handle/20.500.12398/1296
http://repository.elizadeuniversity.edu.ng/jspui/handle/20.500.12398/1296
http://repository.elizadeuniversity.edu.ng/jspui/handle/20.500.12398/1296
https://doi.org/10.1155/2016/4217548
https://doi.org/10.1155/2016/4217548
https://doi.org/10.1155/2016/4217548
https://doi.org/10.55630/j.biomath.2022.08.319


Delgado Moya et al, A Mathematical Model for HIV/AIDS Under Pre-Exposure and Post-Exposure Prophylaxis

[19] Z. Lu, L. Wang, L. P. Wang, H. Xing, G. Fu, H. Yan, L. Wang,
Z. Li, J. Xu, N. Wang, K. Wang, Z. Peng, “A mathematical
model for HIV prevention and control among men who have
sex with men in China”, Epidemiology and Infection, 148, Art.
E224, 2020.

[20] N. Sultanoğlu, F. Saad, T. Şanlıdağ, E. Hıncal, M. Sayan, K.
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