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Abstract: We consider the acetogenesis and hy-
drogenotrophic methanogenesis phases of the anaero-
bic digestion model and we include the inhibition of
methanogenics, first by volatile fatty acids (VFAs) then
by acetogenics. We investigate mathematically the dy-
namics of two chemostat models described by systems
of four nonlinear ordinary differential equations. We
established the conditions of existence and stability of
equilibrium points in each of the models with respect
to the dilution rate. The operating diagrams allowed
to reveal the similarities and the differences between
regions of stability of the two models and to present the
consequent transcritical bifurcations between boundary
and positive equilibrium. Models are equivalent for low
inlet substrate concentration and significantly different for
high concentration. When inhibition is by acetogens and
for high concentrations of inlet substrate, the upstream
species tends to eliminate the downstream species from
the vessel.

Keywords: synthetic microbial community, chemostat,
anaerobic digestion, inhibition, stability, operating dia-
gram, bifurcation

I. INTRODUCTION

In recent years, concerns about the availability and
sustainability of traditional energy sources, particularly
fossil fuels, have become more pronounced which led
to invest in diverse energy sources [1]. Methane pro-
duction can indeed be part of the solution to address
energy shortages, particularly in situations where there

is an abundance of organic waste or where natural
gas resources are not accessible. Methane, the primary
component of natural gas, is a potent energy source that
can be produced through anaerobic digestion of organic
materials in controlled environmental conditions such
as the chemostat. This bioreactor allows for precise
control over environmental factors such as temperature,
pH, nutrient availability, and substrate concentration,
to promote the growth and activity of methanogenic
species [2—6].

The microorganisms responsible for producing
methane through anaerobic digestion are primarily
methanogenic archaea, these methanogens often engage
in syntrophic interactions with acetogenic bacteria or
hydrogen-producing microorganisms. In a chemostat,
these syntrophic relationships can be facilitated by co-
culturing methanogens with suitable partner microor-
ganisms, the acetogenic bacteria, that produce acetate
or hydrogen, which can serve as substrates for methano-
genesis by methanogens. These latter microorganisms,
utilize acetate, hydrogen, carbon dioxide, and formate
as substrates to produce methane (CH4) and carbon
dioxide (CO2) through several biochemical pathways
such as hydrogenotrophic methanogenesis [7-9].

The growth of methanogens can be inhibited, either
directly by the excess of acids in the mixture, or
indirectly by competitive growth on the same substrates.
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Indeed, acetogens and methanogens compete for
common substrates such as hydrogen and carbon diox-
ide. Acetogenic bacteria convert these substrates into
acetate, thereby reducing the availability of hydrogen
and carbon dioxide to methanogens, which use them to
produce methane through hydrogenotrophic methano-
genesis. Furthermore, acetogenic bacteria produce a
variety of metabolites, including short-chain fatty acids
(SCFAs) such as acetate, butyrate and propionate. The
accumulation of these acids can lower the pH of
the environment, creating sub-optimal conditions for
methanogens, which generally prefer a pH between 6.7
and 7.2. When acid production exceeds its consumption
in the environment, the resulting pH drop inhibits aceto-
clastic methanogens from utilizing acetic acid, leading
to its accumulation. Although acetoclastic methanogens
depend on acetic acid for growth, their activity is
significantly constrained by pH lowered levels. In the
case of hydrogenotrophic methanogens, pH inhibition
primarily manifests through elevated levels of acetic
acid rather than through the accumulation of all volatile
fatty acids (VFAs), [8, 10].

In a chemostat, several operating parameters can
be controlled and adjusted to maintain the growth of
microbial populations under desired conditions. Some
key operating parameters in a chemostat include the
dilution rate D which represents the rate at which fresh
medium is continuously added to the chemostat vessel
and the rate at which the culture is diluted and removed
from the system and it is typically expressed as the
flow rate of medium (in volume per unit time) divided
by the volume of the vessel, [11]. The other operating
parameters are nutrient concentrations defined as the
concentrations of essential nutrients, such as volatile
fatty acids (VFAs) or hydrogen, in the culture medium.
These parameters can be controlled to support microbial
growth [2,3,10,12-14].

In this work, we focus on the acetogenesis and
hydrogenotrophic methanogenesis phases and we inves-
tigate analytically two chemostat models studied exper-
imentally by Di and Yang, [15]. In the first model, the
evolution of the methanogenic and hydrogenotrophic
bacteria is inhibited by the volatile fatty acids VFA,
that’s what we call later inhibition by substrate. The sec-
ond model deals with inhibition by biomass. That is, the
growth of the methanogenics is inhibited by acetogens.
We refer to biomass inhibition, the process whereby the
density of acetogens negatively influences the growth
or survival of methanogens within the chemostat, and
thereby limiting their growth, which can slow down or
inhibit methane production.

Biomath 13 (2024), 2406196, https://doi.org/10.55630/j.biomath.2024.06.196

We will represent the operating diagrams for each
case and determine the consequent bifurcations of sta-
bilities of steady states. This study will be useful for
engineering purposes in order to ensure the quantitative
comprehension needed to balance bioreactor stability
with the costs and benefits of introducing innovative
organisms into the chemostat.

This paper is organized as follows: In Section II,
we present the mathematical model that describes both
cases of inhibition and we specify the assumptions for
each of the two cases and we give some properties of
both of models like existence, positivity, uniqueness,
and boundedness of solutions. In Section III we present
the existence and local stability conditions of the steady
states of each of the models, with respect to the dilution
rate D and the concentrations of substrates at the
entrance of the chemostat. In Section IV we illustrate
the operating diagrams, for given growth functions,
and for different values of operating parameters and
biological parameters used in the literature.

In Section V, we depict the transcritical bifurcations
and stability exchange between positive equilibrium and
the boundary ones for each operating diagram. The
study of bifurcations permits to determine especially
stability of its equilibrium points, as the operating
and/or biological parameters are varied. It helps to
understand how small changes in these parameters can
have a significant impact on the behavior of the system,
and can be used to predict and control system behavior
in real-world applications and to predict its long-term
behavior [16]. In Section VI, we identify the similarities
and differences between the two models and we present
discussion and conclusion.

The Appendix contains proofs of propositions given
in previous sections. In Table 21 we have consolidated
all the symbols and notations used throughout the text
to facilitate easier reference and navigation.

II. MATHEMATICAL MODEL

We consider the model of chemostat with two-species
T(, the acetogenic bacteria, and x1, the methanogenic
hydrogenotrophic bacteria, and two substrates sg, and
s1, the VFAs and hydrogen, respectively. The substrate
S0, the VFA, is consumed by acetogens x( to produce
a second substrate s1, the Ho, which in turn, feeds the
methanogens x;. In the first model, methanogens z;
are inhibited by the VFAs sg, see Figure la. In the
second model the methanogens x; are inhibited by the
acetogens xg, see Figure 1b.

The dynamical system of the models of Figures la
and 1b takes the form of system (1):
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Fig. 1: Two-species model with inhibition: (a) inhibition of z
by so, (b) inhibition of x1 by x¢. The dashed line represents
inhibition.

ds

dito =D (56" — 50) — o (s0)To

dl‘o

It = (¢o(s0) — D) wo

ds, in

e D (5" — s1) — ¢1(s1,m0)z1 + po(s0)zo

dx

ditl = (¢1(81,70) — D) 71

| (1)

where D > 0 denotes the dilution rate, s > 0 and

sﬁ” > 0 denote the input substrate concentrations, xg
and z; denote the biomass concentrations, ¢g and
their growth rates respectively and 7 is such that: rg =
so when the specie x is inhibited by substrate sé" in
the model of Figure la and ry = xo when the specie z;
is inhibited by the biomass x( in the model of Figure
1b.

This model is characterized by the following prop-
erties: the system (1) has a solution for any initial
condition, the species xg grows and develops only if
the nutriment sq is available. The downstream species
x1 develops only if s; is available, and its growth is
inhibited by the inlet substrate sg or by the upstream
species xg. This permits to consider general kinetic
functions o and ¢; which are of class C' on R
and ]Rf_ respectively, and that satisfy the following
hypothesis:
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Hi: 800(50) > 0, @1(31,7‘0) > 0 for s >0, 51 >0
and rg > 0.

: 0(0) =0 and for all sg > 0: @o(sp) < +o0.

: ¢1(0,79) = 0 and for all s; > 0 and ro > 0:
©1(s1,7r0) < F00.

: For all sg > 0: ¢j(so) > 0.

: For all s; > 0 and g > O: ‘Z—fll(sl,ro) > 0 and

gfol (81,7“0) < 0.

We state the following proposition.

Proposition 1. Assume that hypothesis Hy to Hs hold,
system (1) has a unique solution for any positive
initial condition (so(0),0(0),s1(0),21(0)) and any
positive time, R‘j_ is positively invariant by (1), the
solution of (1) is positively bounded, and the set
= {(so,xo,sl,xl) € Ri : 80 = si' —xg and s; =
s+ g — xl} is positively invariant and is a global
attractor for (1).

Based on the theory of asymptotically autonomous
dynamical systems, the existence of I, allows reducing
the original model (1) to the two dimensional system
(2), called a limiting system of (1), since the solutions
of both systems (1) and (2) have the same behaviour
after sufficiently large time, [17]. Thereafter, the study
of system (2), lets to analysis the asymptotic behaviour
of the solution of system (1) on I, since the system (2)
is the restriction of system (1) on the projection of set
T on the plane (zg,x1):

% = (tpo(slo” — ) — D) T
@)
di)’]l in
- = ((pl(sl +x0—x1,70) — D) 1
Notice that, in the case of Figure la, ro = so = 56"—1;0
and in the case of Figure 1b, ro = xg.

We also notice that s5 > 0, s; > 0, and that
0 < 29 < si" and 0 < z7 < si" + =g, all this
allows to say that (xg,x1) is always in the set o =
{(xo,xl) € Ri 10 <o < s, 0<xp < s —I—Jso}.

In what follows, we will study the existence and the
stability of equilibrium points of system (2) in each of
cases ro = si* — xg and 1y = xp.

We consider in Table 1, some functions and notations
used in this paper. We will say that the graph of a
function f crosses the graph of a function g at a point
with x-axis x if and only if f(xg) = g(z() and there
exists a neighborhood V' of zy such that for any real
number x in V\{zo}, one has f'(z) < ¢'(x) or ¢'(z) <
f'(x). In any other case, we will say that the graph of
the function f does not cross the graph of the function

g.
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Table 1: Functions, their graphs, and definitions of some
notations used in this paper.

Function | Definition domain | Graph
¥ (o) = wo(sy" — o) 0 <z < 8" o
¥? (o) = 1 (1" + wo,70) 0<ro< sy I
Notation | Definition | Existence
Do(s5") Do(si) = 3(0) Always exists

D1 (sgr, st) Exists when
ro = sé" —
Exists when
To = To

Da(s", si") = ¢7(0)

Da(s1") Da(s1") = %1(0)

III. EXISTENCE AND STABILITY OF EQUILIBRIUM
POINTS

A. Equilibrium points of the reduced model (2)

The equilibrium points of model (2) are solutions of
the following nonlinear algebraic system by setting in
the latter the right-hand sides equal to zero:

{ (Sﬁo(sén —x9) = D)z =0 3)
(501(511” +x0—x1,70) — D) x1=0
thus
{mo =0 or 900(36” —z9)=D @
x1 =0 or ¢1(s)" +xo — x1,70) = D

Hence, system (2) has at most the four equilibrium
points Ey, Fq, E5, and E3 defined as follows:

o Ey = (0,0), the washout equilibrium.

o By = (%0,0) where &g € (0,si"] is solution, if it
exists, of @o(si* — zg) = D.

o By = (0,71) where #; € (0,s{"] is solution, if it
exists, of ¢ (st — 1, §si*) = D, where § = 1 if
ro = si* — xo and 6 = 0 if ry = zo.

e B35 = (x§,27) such that (xf,27) €
(0, si"]x(0, "] is solution, if it exists, of
wo(sfr —xg) = D and @1 (s +xo—x1,70) = D.

Remark 1. If rg = sé"—xo, we notice, according to Hy
and Hj, that function )] is decreasing and function ¢!
is increasing, therefore curve F8 Crosses F(l’ if and only
if Di(sg",s7") < Do(s("), let’s assume in this case
that 3 is the solution, in (0, si], of equation §(z) =
U} (z) and let Dj(sy", s1") = v (w3) = 7 (x3).

If 7o = z0, let us assume that the graph I') crosses 'Y
p times, p > 1, for x € (0, si"], one has x3, 3,..., 25
are the solutions, in (0, s§"], of equation 1§ (z) = ¥ (z)
such that 3 < 23 < ... < a}. _ _

One denotes D3 (si, si) = 8 (x3) = ¢9(x3), j =
1,...,p. Since the function v is decreasing, we get
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Dy(s,s1") > D3(sg",s1") > ... > Dy(sg, ") =
0. Since ¥ (si") = 0 and ¥9(s{") > 0, we notice that:
e pis even if and only if Do(si") < D1 (si"),
o pis odd if and only if D;(s"*) < Do(si").

B. Existence and stability of equilibrium points of sys-
tem (2) when sq inhibits the growth of x

Assume that hypothesis H; to Hs hold, the following
proposition gives the conditions of existence and stabil-
ity of the equilibrium points of (2) when z; is inhibited
by so. The proofs are in the Appendix.

Proposition 2. The washout equilibrium FEq always
exists and is locally asymptotically stable if and only if
D > max(Dq(s{"), D1 (s, si)).

Equilibrium E; exists if and only if D < Dy(si),
and is locally asymptotically stable if D1 (si",si") <
Di(si, si") < D < Do(si).

Equilibrium E5 exists if and only if D <
Dy (sin, si™), and is locally asymptotically stable if
Do(si") < D < Dy(sl, stm).

The positive equilibrium Fs exists if and only if
D < min(Dg(s"), D1(si, s0)) or Dy(si, si?) <
D < D(sin, si") < Do(si), and is locally asymp-
totically stable whenever it exists.

C. Existence and stability of equilibrium points of
system (2) when xq inhibits the growth of x;

Assume that hypothesis H; to Hs hold, we state the
following propositions of existence and stability of the
equilibrium points of (2) when x; is inhibited by xg.
The proofs are in the Appendix.

Proposition 3. The existence conditions of Ey, E1, Fo,
and Es of system (2) are provided in Table 2.

Proposition 4. The stability conditions of Ey, F1, Es,
and FEs5 are given in Table 3.

D. Equilibrium points of model (1)

System (1) has four equilibrium points Ej, EY, £,
and E3, they correspond, respectively, to the equilib-
rium points Fy, Ey, Fs, and F3 of system (2) defined
in Section III-A:
o B} = (si, 0,5 0), the washout equilibrium.
o Ef = (s§" — o, To, s + %0,0) where Ty €
(0, 5°].

o B = (36"4,0,55" — ¥1,1) where 7 € (0, si"].

o BY = (s§" — xp, x5, 81" + x5 — @7, 27) where
(g, x7) € (0, s5]x(0, si™], the coexistence equi-
librium.
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Proposition 5. The existence and stability conditions
of equilibrium points £, EY, E35, and E3 of model
(1) are the same of those of system (2) and they are
given in Propositions 2, 3, and 4.

IV. OPERATING DIAGRAMS

In this section, we summarize the results of Propo-
sitions 2, 3 and 4 in Tables 4, 5 and 7 that provide
the conditions of existence and stability of each steady
state, in respect to the dilution rate D, the inlet substrate
concentrations s and s{", and according to the number
of intersection points of curves I‘g and T9, then we
plot some operating diagrams (ODs) corresponding to
several values of biological and operating parameters.
These ODs allow us to distinguish the differences
between the two cases of inhibition: inhibition by
substrate 7y = s¢ and inhibition by biomass 7o = .

For seek of simplicity, we will denote Dg(si") and
Di(sin si"), i = 1,2 by Dy and D}, i = 1,2,
respectively. D; denotes Di(si™) or D;(si",si") if
r9 = Sg Or g = X, respectively. S denotes locally
asymptotically stable. U denotes unstable. No letter
means that the steady state doesn’t exist.

In what follows, we will consider the kinetics func-
tions g of Monod type and ¢, of Monod type with
inhibition satisfying properties assumed in hypothesis
H; to Hs:

. MoSo
P K
mi81 1 o)
p1: (51, 70) = Ky +s114179/Lo
where m; and K;, ¢ = 1,2 denote the maximum

specific growth rate and the half-saturation constant of
species x;, respectively. In the case ry = sg, Ly denotes
the inhibition constant of species x1 by so and in the
case 79 = xg, Lo denotes the inhibition constant of
species x1 by xg.

Figures 2 and 3 illustrate some possible intersections
of curves T' and I'{ in the cases ro = si* — z¢ and
ro = T, with respect to values of Dy , D;, and Dé s
i=1,2,3.

The biological parameters are fixed depending on
substrates and micro-organisms that will be introduced
continuously in the chemostat. Since it is not easy to
interpret the operating diagrams in three-dimensional
space (D, st si™), [18], we will simply plot the ODs
by considering cuts in two-dimensional planes (s{", D)
and (si", D). For this end, we will firstly fix si” and
plot the diagrams in the (s*, D) plane then we will
fix s{" and plot the operating diagrams in the (s{", D)
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plane. We define in Tables 10 and 15, the boundaries
of the areas in the ODs of Figures 11, 8, and 6. The
colors used to paint the different regions of the ODs
are given in Table 9.

A. Operating diagrams in the (s§*, D) plane

Table 8 holds the values of operating and biological
parameters used to draw the boundaries and the ODs
of Figures 4,...,11.

Tables 11, 12, and 13 summarize the conditions
of stability of each steady state in ODs of Figures
4b, 6, 8b, and 11, respectively. 5' and 32 denote the
concentrations of sj* for which I'J and T'Y are tangent.
Y denotes the concentration of si* for which Dy = D1
and s' denotes the concentration of s such that
D} = Dj.

B. Operating diagrams in the (s, D) plane

In order to visualize the effect of the inlet substrate
571" on the ODs, we will, in what follows, fix the value
of operating parameter s’ and plot the operating dia-
grams in the (s, D) plane. The values of the biological
parameters and those of the operating parameters used
to represent the diagrams are given in Table 14. The
curves v/, i = 0,1,2 and 74, i = 1,2 the boundaries
of the regions of the ODs of Figures 12b, 13b, 14b,
15b, and 17 and are defined in Table 15. The regions
are colored according to Table 9.

The results are summarized in Tables 16, 17, 18
and 9. Notice that s" is defined in Section IV-A.
5%, i = 1,2 represent the concentrations of si" such
that D1 (s, st") = D3(s¥", s) which means that '
and T'J are tangent.

V. BIFURCATIONS

Bifurcation study permits to analyze, identify and
describe the qualitative changes in the behavior of
the model as its operating parameters change. It helps
in understanding the dynamic evolution of microbial
populations in the chemostat, which permits to optimize
the behavior of chemostat systems, leading to improved
control, efficiency, and productivity in microbial biopro-
cesses [16].

Proposition 6. All bifurcations of the equilibrium
points of system (1) are transcritical and they are given
in Table 20.
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Table 2: Existence conditions of equilibrium points of (2).

FEoy | Always exists

B | D < Do(sy)

E; | D < Dq(s7T")

and (D5 (s¢", si") < D < Do(sf
Es Case 4: Curve I'§ crosses I'{ p times, p > 3 :
e (D1(si™) < Do(s4")) and

(D < Dp (si, si™) or D22 (sim,
o (Do(s") < Di(s m)) and

(D3 < D < Do(s§

sy <D< ng"'l(sf)",

") or D < D5 (s, si") or DT (si,

Case 1: Curve I'y doesn’t cross I'Y: (D < Do(sy") < D1 (s} )) o
Case 2: Curve ') crosses I'Y only one time: (D1 (sim) < Do( ")) and (D < D5(sg*,si™)).
Case 3: Curve I') crosses T'Y two times: (Do( ") < D1( ))

") or D < D3(sg", si")).

s7),7i=0,...,(p—3)/2.

511") <D< ng(86"7s§")), i=1...,(p—2)/2

Table 3: Stability conditions of equilibrium points of (2).

Eo | D > max {Do(st"), Di(si")}

Case 1: Curve 'Y crosses I'j only one time: (Dl(

Case 2: Curve I'§ crosses I'{ p times, p > 2 :

B, | ® (Do(s5") < Di(si")) and
(there exists j =0,...,(p —

o (Di(si") < Do(sd )) and
(D2 < D < Do(s§") or there exists j = 1,.

") < DO(SO )) and (D%(56n75’1") <D< DO(SBH)).

2)/2 such that D372 (s, si") < D < D37 (s, s1)).

., (p—1)/2 such that D7 (si", si") < D < ng(sf)",sﬁn)).

E> Do( ) < D

FE3 | Locally asymptotically stable if it exists

Table 4: Existence and stability of steady states in respect of
dilution rate D when Dy < D; and T'§ does not cross I'Y.

Table 7: Existence and stability of steady states in respect of
dilution rate D when Dy < D; and T'§ crosses T'Y twice in

The results in this Table are common to both of cases 79 = sg the case of inhibition by biomass (ro = o).

and 7o = xo. D ‘ Eo ‘ FEy ‘ FEs ‘ FEs
D ‘Eo‘E1‘E2‘E3 Do < Dy <D S
Do < D < Dq U S
Do< D1 <D |S 2 1
Do<D<D; | U S D5 <D < Dy < Do U S U
Table 8: Values of parameters used in Figures 4,...,11.
T{:lbl¢ 5: Existence and stability of steady states in respect of mo ‘ m ‘ Ko ‘ K ‘ Lo ‘ sin ‘ Figure
dilution rate D when D1 < Dy and F Crosses F1 once. The
) both o f 8 10 2 1 1 | 051 | 4,5 and 6
results are common to both cases 79 = so and 7o = zo. 8 10 9 1 1 0.7 7
D ‘ E ‘ B ‘ B ‘ Es 8 10 2 1 1 2 8
D1 <Do<D S 8 10 2 1 1 4 9
max{DhD% < D < Dy U S 8 15 2 1 1 0.54 10, 11
Dy <D < D3 < Dy 0] U S
D<min{D3,D:} <Dy |U |U | U |8 . ,
Table 9: Definitions of regions Ri...Rs and Ji...Js of
ODs and their associated colors.
Region | Ey FEi E; E3 | Color
Table 6: Existence and stability of steady states in respect of R and J; S Red
dilution rate D when D; < Dy and I') crosses I'Y once. This Roand Jo | U S Yellow
result is specific to the case 7o = zo. Rsand J5 | U S U Yellow
Ryand Jy | U S Magenta
D E E, | Ex | E
DI<D<D <D }UO}SI}UZ} 3 Rs5 and Js U U U S Green
2 ! 0 Rg and Jg U U S Green
Biomath 13 (2024), 2406196, https://doi.org/10.55630/j.biomath.2024.06.196 6/16
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Table 10: Boundaries of the ODs and their plot colors in
Figures 4,...,11. si" is fixed according to table 8. § = 1 if

ro = S0 = sy — xo, and § = —1 if 7o = xo. Notice that z3, D
22 and x5 are defined in Remark 1.

Boundaries Color ! 5 A
70 = { (5", po(s5")) ¢ 6" > 0} Blue
. . . 2
v1 =19 (86", ¢1(s1", 70 + dx0)) : 85" > 0 Red 4
and 20 € 0,591} A —
v =< (x5, ) (xd)) : s > O} Magenta @ ®
v = < (23,49(x3)) : si > 0 and si™ is fixed Green ) ] ) ) ]
5 s 00 s ) o Fig. 4: OD in the (sy*, D) plane when ro = sg* — zo in
75 = 3 (22,%1(x2)) : sg° > 0 and s7" is fixed ; | Blue the case where T') crosses T'Y at most one time. (a) The
boundaries v;, i = 0,1 and ~3 with parameters set in Table
8. (b) OD corresponding to Figure 4a.
D, 0 9
4 ¢ rU
D} °
0 D, b D
Dl Do\rg\ / 3.7 )
0 1 2 x3 Sy 0 1 2 3 S0’ ¢ N \l\ )’%
@ () 2 E %
D, . .
D1/—\r[1)\ 0 0 o2 E TS Ry 17 19 8
DO rO

2 Dl/NU\ (@) (b)
o D} Fig. 5: Boundaries of the OD in the (s", D) plane when

ro = o , case where I') crosses I'Y at most one time. (a)
The boundaries ;, ¢ = 0,1 and ~4 with parameters set in
Table 8. (b) Zoom in of Figure 5a where s" € [s°, s].

il
02 04 06 08 Sy

(c) (@

Fig. 2: Intersections of I'S and TY. (a) and (b): case where
ro = 86° — xo. (¢) and (d): case where o = xo.

D, Dz:
Dy D2

rU
4 Q 1“1 9

o D

DZ2 i 2
A R I B A @ ®)

() (b) Fig. 6: (a) The OD associated to Figure 5a. (b) The OD

Fig. 3: Case where o = 9. (a) 'S crosses I'Y two times. (b) associated to Figure 5b.

T'§ crosses I'Y three times.
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D D
6
)4 A
P I 1 B %
6 4 2
% 52 /// )4
! N 2 5 ) //V%
1 )23
2 i 48 in
0 1 2 2505 5 5o 37 S0 4 st 43 5
0 1 s 3 5 58 (a) (b)
() (b) Fig. 10: Boundaries of the OD in the (sg*, D) plane when

) ro = xo in the case where I'J crosses I'Y at most three times.
Fig. 7. The OD in the (sg", D) plane when 70 = xo in (a) The boundaries v;, i = 0,1,2 and +4, i = 1,2,3 with
the case where T') crosses I'{ at most one time. (a) The parameters set in Table 8. (b) Zoom in of Figure 11a where
boundaries 7;, ¢ = 0,1 and ~3 with parameters set in Table 56" € [3.6,4.4].
8. (b) The corresponding OD.

D
6

(@ (b)

~ Fig. 11: (a) The OD in the (si", D) plane, corresponding to
0 4 8 12 1 S Figure 10a. (b) The OD corresponding to Figure 10b.

(@) (b) Table 11: Regions of the ODs of Figures 4 and 6 in respect of
sg" and D. It should be noted that regions Ry, Rz, R4 ... Rs
appear in both cases of inhibitions 1o = so and 19 = zo.
The region R3 appears only in the case ro = xo, when the
downstream species z; is inhibited by upstream species xo.

Fig. 8: OD in the (sf)", D) plane when ro = xo in the case
where T') crosses F? at most two times. (a) The boundaries
i, ©=0,1 and =3, i = 1,2 with parameters set in Table 8.
(b) The corresponding OD.

Region s D
Ry D > IIla.X{Do7 D1 }
Rs sgt > 80 max{Di, D3} < D < Dq
R st < syt D} <D < Dy
Ry sot < 80 Do <D < Dy
D st < 80 D < Dy < Dy
h fts syt > s’ D < min{D3, D1}
8 0 2,1
s Rg SO<56n<§U D1<D<D%
4 7 V2 Table 12: Regions of the ODs of Figure 8 and 9 (ro = xo)
, \)%\ in respect of sy* and D.
o P sl sin Region S0 D
Ry D >maX{D0,D1}
(a) (b) Ry syt > 80 D, < D < Dy
=1 m 0 2 T
Fig. 9: OD in the (si*, D) plane when ro = o in the R3 Sm< SOU < 32 <Dl? <D;
case where I'J does not cross I'{ or croses it twice. (a) The S?H > SU <
boundaries ~y;, 4 = 0,1 and 43, ¢ = 1,2 with parameters set R4 50 < fl Do <D <Dy
in Table 8. (b) The corresponding OD. 50" <8 D < Do < Dy
Rs st <sy*<s’ | Dy <D< DgorD< D3
sG> s’ D < D3
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Table 13: Regions of the OD of Figure 11 (ro = zo) in respect
of s§* and D.

Region s D

R D > max{Dy, D}

Ry s§”>§1 D, < D < Dg
s <sy* <35 | D1 <Dy <D< Dy
7 <si'<s® | D<D3s <D< Dj

R3 s’ <sy* <5 | D5 <D <min{D3, D)}
syt > &' D < D}

Ry 86"<80 Do < D < Dy
sy < 5 D < Dy < Dy

Rs 57<sy*<s’ | Dy <D< DgorD< Dj
s'<sy* <5 | D3 <D<DyorD<Dsj
syt > &' D < D;

Rs s < si" <5 | max{D3, D1} < D < D3

Table 14: Values of parameters used in ODs of Figures

12,...,17.
mo | mi | Ko | K1 | Lo | S(Z)n | Figure
5 4 1 2 2 0.3 13
8 5 2 1 1 4 14
8 10 2 1 1 4 15
8 15 2 1 1 4 12, 16, and 17

Table 15: Boundaries of the ODs and their plot colors in
Figures 12,...,17. sy is fixed according to Table 14. Notice
that 23, 22 and 3 are defined in Remark 1. § = 1 if 7o =

s0 = 86" — o, and § = —1 if 1o = xo.

Boundaries in Figures 14a and 15a | Colors
76 = (1", po(s8)), si" > 0} Blue

i =1 (st p1(si", 0 + 670)), Red

zo € (0,s8"] and %" > 0}

3" = { (3,97 (23)) : 81" >0 Magenta
73" = (a3, 97 (3)) : s >0 Green
vt =9 (x5, 97 (x3) s >0 Blue

(a)

(b)

Fig. 12: OD in the (s’i”,D) plane when ro = sE — o,
case where T'J crosses I'{ only one time. (a) The boundaries
e, vT, and ~4* with parameters set in Table 14. (b) The
corresponding OD.

Biomath 13 (2024), 2406196, https://doi.org/10.55630/j.biomath.2024.06.196

D
16
.
12 1A
.
osl VI
04" A
1
4 05 0 15 st

(@ (b)

Fig. 13: OD in the (si", D) plane when ro = s — o, case
where T'§ crosses I'{ at most one time. (a) The boundaries
&, vi, and ~v3* with parameters set in Table 14. (b) The
corresponding OD.

Y

(@ (b)

Fig. 14: OD in the (si", D) plane when ro = xo, case where
'Y crosses T only one time. (a) The boundaries g, 75, and
~a* with parameters set in Table 14. (b) The corresponding
OD.

(a)

(b)

Fig. 15: OD in the (si", D) plane when ro = xo, case where
ry crosses.F(l) one or two times. (a) The boundaries v;", i =
1,2 and 75", ¢ = 1,2 with parameters set in Table 14. (b)
The corresponding OD.
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D
< 56 Y,
A
8 > s VJ
0 1%
A ’
V2 " ¥ h
0sF g0 1 15 g& 25 S o4 Sk g0 0.6 £
(a) (b)
Fig. 16: The boundaries of OD in the (si", D) plane when
ro = xo, case where F8 Crosses F? at most three times.

(a) The boundaries ~;, ¢ = 0,1 and +&*, i = 1,2 with
parameters set in Table 14. (b) Zoom in of the framed area
of Figure 16a.

() (b)

Fig. 17: a) OD corresponding to Figure 16a. b) OD corre-
sponding to Figure 16b.

Table 16: Definitions of the regions of the ODs of Figures 13b
and 14b in respect of s and D. BC means that the definition
of the region is the same in both cases of inhibition: 7o = sg
and ro = xo.

D D
16
. 16 ;
12 A
12 7
* 1+ 0
o8V 08l 7
04" A 04
1
0 05 & 15 st o oa & 12 1s "
(@ (b)
D D
3 A - Y
/1-/ s A /
£ T+
s % R
@ 2+
V2 2 72
2
1 1
o 1 2 s 4 5 s’ 0 2 4 0 8 sy’
© (d)
D X D
.
" /_Z,_
p* 0 —
3 \77];\ 0 3 V2
—
2 /;ZT 2 e
71* ' 72
(]
1 N'ge
ii in
0 s 20 30 s+ 8 0O 5 " 15 5 5
©) ()

Fig. 18: Boundaries of ODs for growing values of sj* when
mo:5,m1:4,K0:1,K1:2,andLo:2.a)
Case where 7o = s — xo and 53" = 0.3. b), c,) d), e), and
f): Cases where ro = o and sg* = 0.3,1,1.5,2, and 2.2

Reg. sin D Inhib. respectively.
J1 D > max{Do, Dl} BC . . .
ST < &0 N BC Table 18: Definitions of the regions of the OD of Figure 17
Ja ST 50 max{D1, D3} < D < Dq o = 2o in respect of s and D.
Js [ si">s" | Dy <D< D To = Zg Reg. sy D
Jy Slln > 81* Do < D < Dy r0o = So J1 D > max{Do,Dl}
Js D < min{D1, D3} < Dg BC st < 3" max{Dy,D3} < D < Dy
Js | s <s'™ | D1 <D< D} BC Jo 3% <s"<s¥ | DL <D< D3 or
Dy <D<D
.. . . 1*<zn<—1* D1<2D<D 2
Table 17: Definitions of the regions of the OD of Figure 15b S 51 s 2 1 ,
in respect of s{™ and D. 5% < i < g0 D3 < D <max{Dj3, D1}
) ) J3 ! or D < D < Dy
Region s D s < s D3 < D < D;
J1 D > max{Dy, D1} <5 <O
Jo SZ}n < ; m;la,X{Dl,D%} < D < Dy Ta ST > S0 Do <D < D,
J3 Sln <S$ < s D3<D<Di S§n<.§1* D<m1n{D21),D1}
811n>80 D3 <D < Ds Js 5% <si"<s” | D<D3sorD; <D< D,
Ja sit > s Do <D <D, P <si"<5* | D<DforDi<D< Dy
Js s < s0 D < min{D3, D1} 77 < 5" D < Do
5212>s‘1’* D<D50rD1$<D<D0 T ST < s Dy <D <D}
Js 51 <s Dy <D< D; s < st < s | max{D:,D3} < D < D3
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D D V.
* 1
"
6 oo :
Ly 7%* 74 %
4 2 4 ’71(///3» 2
}2 /! )/2
2 2
0 02 s0 06 5;1 0 oagk gx o 0.6 ST
() (b)
D ' D Vv Table 20: Transcritical bifurcations according to regions of
i / / 7 operating diagrams of Figures 11 and 17. TB denotes Trans-
V2 7 7 ————0>  critical bifurcations.
6 — p * 6 16 %
2 — % 2 .. .. . .
. " - . Bound- Conditions Transition Bifurcation
V2 ARERE v 22 ary
2+ mn 0
2 2 Y 56" >S Ry to R
2 0 0o~ L 9%%2 | TB: By = By
X N Yo st <s J1 to Jo
0 o1 03 g g*o7 S O 02 5k s0 08 9 o s < Y Ra to Rs
% D T TB: E2 = E3
© @ Yo si" > s Jy to Js
_ Y st < &0 Ry to Rs TB: Ey = E»
Fig. 19: Boundaries of ODs for growing values of sy” when V1 57 > 87 Ji to Jy o
ro = o, Mo =9, m1 = 20, Ko =2, K1 =1, and Lo = 1. 7 < sht < 5t R R
a) Case where s;" = 4.3. b) Case where s” = 4.1. ¢) Case 1 st < st < 3" 2 10 e
where s = 4. d) Case where s§* = 3.5. V2 F < s < s
sy > 5
5 U < sgt <5 | RstoRs
Wi 53 <55 < 5[1)
5 50 < sy <§ .
,_;LZ* gl* < Sgl)n < 51* TB El = E3
s <sm<s? | Jato s
e s < sTF
2 U in —2%
s <S8 <SS
s < st <5
2% mn 0
Table 19: Transcritical bifurcations according to regions of y2* 5 < 51 <7§* Js 10 Js
OD of Figures 8 and 15. TB denotes Transcritical bifurcations. s <8 <S5
’73* ,§1* < Szln < SU
Bound- Conditions Transition Bifurcation
ary
N st < s° Ry to Ry | TB: Ey = F
ST > 30 Ry to Ra TB: Ey = E,
% s < sY J1to Jy :
Y2 s> §0 R4 to Rs TB: By — Es
'y§ st < 50 Jy to Js ’
3
2 in > 0 R3 to RG
T3 50 > 5 TB: E» = B
g =L
03 51 > 8 J3 to Jg
,_yé* 51 < Szln < SU
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Table 21: The different notations used in this paper, their definitions, and their first occurrences.

Notation Definition First occurrence
D Dilution rate [h™!] Model 1, p.3
so and s Substrate concentrations [mg/L] Model 1, p.3
s and si" Inlet substrate concentrations [mg/L] Model 1, p.3
zo and 1 Biomass concentrations [mg/L] Model 1, p.3
o and 1 Growth rates of biomass Model 1, p.3
r T = {(s0,20,51,21) €RY : 80 = 8§ — 20 and s1 = 51" + 20 — 1} Proposition 1, p.3
o a:{(xo,xl)ERi :ngogsén,()gxlgsﬁ"ero} p.3

J P (x0) : 2o — @o(s8" — x0) Table 1, p.4

? P (x0) 1 20 = @1(58" + 20,70), T0O = To OF To = S0 Table 1, p.4
I'S and TY Graphs of functions 93 and v?, respectively Table 1, p.4
Dy := Do(s§") Do(s5™) = 43(0) Table 1, p.4
D, := Dy (s7") D1(si™) = 49(0) for ro = z0 Table 1, p.4
Dy =D, (sé", s1T) D4 (sf)”, 311") = 1/)?(0) for ro = sp = si* — xo Table 1, p.4
To Solution, if it exists in (0, sf)”], of apg(sé” —xzo) =D p4
1 Solution, if it exists in (0, 58"], of p1(si™ — z1, dsi™) = D, 6 = 1 if | p4

ro =84 —xo and § = 0 if ro = o
(x5, x7) %olution, if it exists in &, of o (55" —x0) = D and @1 (st 420 —21,70) = | p4
zh, i=1,...,p Solutions, in (0, s§"], of equation 1] (z) = ¥ (z) Remark 1, p.4
D% := Di(si", si™), | Di(si™,si™) = () Remark 1, p.4
1=1,...,p
Ko and K3 Half-saturation constants [mg/L] p.5
Lo Inhibition constant [mg/L] p.5
mo and my Maximum specific growth rate of cells [h ] p.5
70, 71, and 3, i = | Boundaries of the ODs in the (si", D) plane Table 10, p.7
1,2,3
Jit=1,...,6 Regions of the ODs in the (si", D) plane Table 9, p.6
Rii=1,...,6 Regions of the ODs in the (s§", D) plane Table 9, p.6
s° The value of s& for which Do = D; p.5
st The value of s&* for which D3 = D; p.5
5! and 5° The values of s for which T') and T' are tangent p.5
75, 75, and 44", i = | Boundaries of the ODs in the (i, D) plane Table 15, p.9
1,2,3
st* The concentrations of si" for which '} and T'Y are tangent p.5
G G : o x0 + 5" — My (D, o), for zo, 70 € [0,86”} p.13
| e The graph of G in the (zo,z1) plane p.13
I'r The vertical line xo = %o in the (zo,z1) plane p.13
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VI. DISCUSSION AND CONCLUSION

In this paper, we presented a complete mathematical
analysis of two chemostat models where two species
are continuously fed by two nutriments in such a
way that the downstream biomass z;, (methanogenic
hydrogenotrophic bacteria), is inhibited by the volatile
fatty acids used as a nutriment of biomass z in the first
model, and it is inhibited by the upstream biomass xg,
(acetogenic bacteria), in the second model. Both models
are presented by a four-dimensional system of nonlinear
ordinary differential equations involving a large class
kinetics.

We established the conditions of existence and sta-
bility of steady states, of each model, in respect to the
dilution rate D and the input substrate concentrations
st and st

We proved that in both models we have four steady
states, the washout equilibrium FEj, where the two
species vanish, two boundary steady states £ and Fs
where only one species persists, and a fourth steady
state E'3, which we have named the positive equilibrium
and in which the two biomasses coexist.

We proved that, in the case of inhibition by biomass
zo, the conditions of existence of the steady state E3
and those of stability of E; depend closely on the
kinetic functions of the model.

The representation of operating diagrams of both of
models revealed that the effects of the two inhibitions
on stability of steady states, and consequently on the
quantity of methane generated, are equivalent for low
concentrations of inlet substrate sé" (see Figure 18),
and these effects are extremely different for highest
concentrations of 56" (see Figures 4, 5, and 19).

Indeed, for sé" = 0.3, the regions of stability in
both models are almost identical, and for 38” > 1
we noticed that, in the case of inhibition by biomass,
the coexistence regions (the green ones) are becoming
increasingly narrow when s{" becomes more and more
larger, and the yellow region, corresponding to the exis-
tence of only the upstream biomass, becomes more and
more large, which mean that the more concentration of
VFAs si" is great, the more concentration of acetogens
x( is important and the more its inhibition effect on
methanogens x; is important.

This leads to the diminution of concentration of
and allows zy to grow freely and this is why we
need to compensate the decrease in methanogens i
by introducing s¢" at a higher concentration.

The investigation of the model where the downstream
species x7 is inhibited by both substrate si* and up-
stream species x is underway. The perspective of this

Biomath 13 (2024), 2406196, https://doi.org/10.55630/j.biomath.2024.06.196

work is to highlight the effect of pH increases, due to
VFAs, and Hy level decreases, consumed by acetogens,
on the growth of methanogens and therefore on the
production of methane.

VII. APPENDIX

Remark 2. According to Hs, there exists a function M
such that for s; > 0, ro > 0 and y € [0, p1 (400, r0)][s
y = @(s1,70) is equivalent to s; = M (y, 7). When
51 = si" +xg — 1, P1(8" + 29 — 21,70) = D is
equivalent to x; = xg + s — My (D, rq) for xq, r¢ €
[0, s&] and D € [0, 1 (+00,70)][.

Let G : zg + xg + 58" — My (D, 1), for zg, 79 €
0, sin].

If 7o = sg = s — x then

<p1(s§" + x9 — G(zp), 56” —x9)=D

and this implies that

b , _
(1= G (w0)) 5o (51" + w0 — Glao), 5" — 0)

s+ xg — G(20), 55" — 20) = 0
which implies that
%(Sin + xo — G(x0), s§" — xo)

a»
G/($0) =1- d;[i in in ’
aTl(Sl + zo — G(xg), si* — xo)

According to Hs, one gets: for all zg in ]0, si"[,
G/(LL'()) > 1.

If 7o = z0 then ¢y (s + 29 — G(x0),z0) = D and
this implies that

0 .
(1- G'(xo))a—fll(sg" + 30 — G(z0), 70)
9 ,
+87§(1)(56" + zo — G(20),20) = 0

which implies that

G- (s + o — G(x0), x0)

G2 (51" + w0 — Glo), 2o0)

G'(x0) =

According to Hj, one gets: for all zg in ]0, si[,
G'(zg) < 1.

We denote T' the graph of G in the plane (g, z1).
On another hand one denotes I'x the vertical line I' :
o = Xo.

Lemma 1. If a steady state E3 exists, then steady state
F1 exists too.

Proof: If steady state Fs exists the system 3 has
a solution (zf,z7) in 0. One remarks that the first
equation of 3 implies that E(x{,0) exists. [ |
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Lemma 2. We denote O(0,0), B(si", si* + si*), and
C(0, si™) in the set o defined previously. The graph T'g
of G does not cross the boundary [BC].

Proof: Let M (zg, si™ +z¢) a point on [BC], if M
belongs to the graph I'¢ then s’i”—i—xo = G(x0) = zo+
si" — My (D, ro) which is equivalent to M;(D,rg) =
0 which is to say D = ¢1(0,79) = 0 but this is in
contradiction with the fact that D > 0. [ ]

Lemma 3. E;(Zo,0) exists and G(Zo) > 0 is equiva-
lent to D = §(Zo) < (o)

Proof: We denote 7y = sf)" — I in the case where
ro = So and we denote 79 = Iy in the case where
To = X9. E1 exists if and OIlly if D= ¢8 (i‘o)

G(&g) > 0is equivalent to s{"+Zo—M; (D, 7)) > 0
which is to say si" + &y > M;(D,7o)) and which
means, according to Hs, that @1 (st +Z¢,7) > D and
this is equivalent, when E; exists, to say ¥9(%g) >
D = 4 (&). =

Proof of Proposition 2: Ej, always exists, since
(0,0) is a trivial solution of system (2).

E; exists if and only if equation ¢J(z) = D
has a solution in [0,s{"] and this is means that line
y = D intercepts the curve I' of function 9§, That is
possible if and only if D < 93(0) = Dy(s}*), since,
according to Hy, function ¢ is decreasing on [0, si"]
and ¥J(si) = 0.

The same idea applied on the function z;
¢1(st"—xy1, si), which is decreasing on [0, si"], allows
to say that steady state E; exists, which is to say that
equation 1 (si" — x1,s5") = D has a solution, if and
only if D < D (si", si™).

Steady state E5 = (z,x}) exists if and only if
system 3 has a solution (zj,z}) in o, which means,
according to Remark 2 and Lemma 2, that ' crosses
I'r inside o and this is equivalent to say that steady
state F1(Zo,0) exists and G(Zo) > 0, this means,
according to Lemma 3, that curve of function ¢ is
above that of function 1.

In the context of Remark 1, one distinguishes the
following cases:

Case 1: The curve I') does not cross the curve I'{:
this is possible only if Dg(si") < Di(si",si"), see
Figure 2b. In this case, I'Y is always above I'Y, which
means that Es exists for any value of D such that D <
Do(siy") < Dy (sif, si7).

Case 2: The curve I'§ crosses the curve T'Y once:
Since v is decreasing and ¢! is increasing in [0, s{"],
'Y lies over T} if and only if D < Di(s}", stm).

In what follows, we will discuss conditions of sta-
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bility of steady states. The local asymptotic stability of
an equilibrium point will be determined by the signs of
the real parts of the eigenvalues of the Jacobian matrix
Ji, (1=0,...,3) evaluated at this equilibrium.

For 9 = s{" — o, the Jacobian matrix of system (2)
is given by:

; —@yro + o — D 0
= (9(,01 6@1 8@1
N . = -D
881 e 880 e 881 T+ w1

where g, ¢f, and ¢; denote o (si" —x0), ©b (s —x0)
and @1 (si" 4 zo — 21, ' — o) respectively.
The Jacobian matrix at Fy(0,0) is:

[ siny — D 0
Jo = 900( 0 ) | |
i 0 p1(s1",s0") — D
Do(sf") = D 0
L 0 D1(86n7 Slln) -D

The eigenvalues are \g = Dy(si") — D and \; =

Dq(sir, st") — D. Steady state E, is asymptotically

stable if and only if D > max(Dg(s{"), D1(si, si)).
The Jacobian matrix at Fy = (&g, 0) is given by:

Ji =

—@o(sg" — To)Zo 0
0 @1(57;171 +i’0,56n 7%0) —D
Its eigenvalues are \g = —f(si" — Z9)Zo and A\; =

o1(s"+7g, si" —39) — D = ¥?(Zg) — D. According to
hypothesis Hy, one has Ay < 0. On an other hand, one
has A1 = ¥9(Z0)—D = (%) -] (Z0), thus, the sign
of \; is determined by the position of curve I') relative
to curve F?, that is to say, A\; < 0 and therefore steady
state F; is stable, if and only if curve I'{) is above I'{ for
zo in [0, s&"]. According to Remark 1, this is possible
only if Dy (s{",st") < Di(si", si") < D < Do(si),
see Figure 2a.
The Jacobian matrix at Es is:

wo— D 0
RN op, e Op
881 ! 380 ! (951 !

where ¢ and ; denote o (sy?) and 1 (i — 71, si)
respectively.

Its eigenvalues are \g = g (s5") — D = Do(s§*)—D
and \; = —g—fll(si" — #1,0)Z1. According to hypoth-
esis Hs, Ay < 0. A9 < 0 if and only if D > Dy(sf").
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Thus, steady state E is stable if and only if Do(s§") <
D < Dy(sg, st™).
The Jacobian matrix at F5 = (xf, z7) is given by:

—po5 0
J3 = 8@1 * a(pl * asol *
ST 5T —5

0s1 Oso 0s1

where ¢f, and ¢ denote ) (si* — z3) and ¢ (st +
xy — a%, s — xy) respectively.

Its eigenvalues are \g = —ppay and A; = fgfll x3.
According to hypothesis Hy and Hjs, both of eigenval-
ues are negative, therefore, the steady state Fs is locally
asymptotically stable when it exists. [ ]

Proof of Proposition 3: The existence of equi-
librium points Ey and E; is proved in the proof of
proposition 2.

For the steady state F2, the existence condition is
the same used in proof of proposition 2, applied on the
function z1 — ¢1(si"* — 21,0).

Steady state F3 = (zfj,x7) exists if and only if
system 3 has a solution (z§,z}) in o, which means,
according to Remark 2 and Lemma 2, that I' crosses
I'r inside o and this is equivalent to say that steady
state F1(Zo,0) exists and G(Zy) > 0, this means,
according to Lemma 3, that curve of function w? is
above that of function 1.

In the context of Remark 1, one distinguishes the
following cases:

Case 1: The curve I') does not cross the curve I'{:
this is possible only if Do(si") < Di(s%") and T is
always above I'{ in [0, si"], this means that E3 exists
for any value of D such that D < Dy(si*) < D1(si"),
see Figure 2c.

Case 2: The curve Fg crosses the curve F‘f once,
see Figure 2d: According to Remark 1, we should have
D1 (si") < Do(si") and in this case, E3 exists if and
only if D < Di(si, si™).

Case 3: The curve I'§ crosses the curve I'Y two times:
This is possible only if Dy(si") < D1(s%") and in this
case, E3 exists if and only if Di(si",si") < D <
Dy(sim) or D < D3(si, st"), see Figure 3a.

Case 4: The curve I') crosses the curve I'{ p times,
where p > 3: The existence of steady state FEj3
depends on Dy(si) relative to Dj(s%"). In fact, if
D1(st™) < Dg(s) then T'{ is above I') if and only
if D < Db(sit, s)) or DIT(si, ") < D <
DF (st s) where j = 0,...,(p — 3)/2 and if
Do(sém) < D;(si") then FEj exists if and only if
D%(sé’?,s’i”) < D < Dy(si") or D < D5(sl, si™)
or D7 (sin si") < D < DY (si", si") where j =
1,...,(p—2)/2, see Figure 3. [ |
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Proof of Proposition 4: Let g, ¢ and ¢
designate oo (si" —x0), ph (s —xo) and o1 (si" +x0 —
x1,x0) respectively. The Jacobian matrix of system (2)
is given by:

; —<p6x0 +@o—D 0
=1 9¢p1 Op1 0p1
—x1 + — ———x1+¢1 — D
0s1 i Oxg e 0s1 1T e

The Jacobian matrix at F(0,0) is:

sy — D 0
Jo = vo(sg") |
i 0 p1(si™,0) = D
Do(sén) —D 0
L O Dl(Slln) - D

The eigenvalues are \g = Dy(si") — D and \; =
Dy(si") — D. If D > max(Dyg(s"), D1(si")) then
Ao < 0 and Ay < 0, therefore, Fy is asymptotically
stable. If D < min(Dy(s¥), D1(si")) then \g > 0
and \;y > 0, hence, Fy is an unstable node. If
Dy(si") < D < Dy(si™) or Dy(si") < D < Dy(si)
then detJy < 0, so Ej is a saddle point.
The Jacobian matrix at Fy = (Zo,0) is given by:

—p (st — o) Zo 0
Iy = |
0 wl(Slln—F.fo,jo) - D
Its eigenvalues are A\g = —{(si" — Z9)Zo and Ay =

©1(s" + T, T9) — D = ¥ (Fg) — D. According to
hypothesis Hy, A9 < 0. One has \; = ¢9(Zo) — D =
Y (Z0) —1§(Z0), therefore, the sign of \; is determined
by the position of curve I'J relative to curve I'Y, indeed,
A1 < 0 if and only if curve T'§ is over I'Y for zg in
[0, si], hence, one distinguishes the following cases:

Case 1: I'J crosses T'{ once. It is straightforward to
see that A\; < 0 if and only if (Dy(s{") < Do(s{"))
and (D3 (s, s") < D < Do(si")).

Case 2: F8 Crosses F(l) p times, p > 2, therefore
A1 < 0 if and only if one of the following sub-cases is
satisfied:

First sub-case: (Do (s§") < Dl(slln)g and (there ex-
ists j = 0,...,(p—2)/2 such that D3 >(si", s%") <
D < Dy (s, si).

Second sub-case: (D1 (s5") < Do(s§")) and (D3 <
D < Dqy(sg*) or there exists j = 1,...,(p—1)/2 such
that D377 (s, s1%) < D < Dy (s, s1)).
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The Jacobian matrix at Fs is:

wo—D 0
Sl I P T
0s1 oro ' ds1 "

where g and ¢; designate @g(si") and 1 (si" — 71, 0)
respectively.
Its eigenvalues are A\g and \; such that:

Xo = @o(sg") — D = Do(s§") — D,

hence, Ao < 0 if and only if D > Dy(si*) and \; =
—%‘%(sﬁ" —71,0)Z; < 0, according to hypothesis Hs.
Thus, steady state E» exists and it is stable if and only
if Do(SBn) <D< Dl(Slln)

The Jacobian matrix at F5 = (x{,z7) is given by:

Rz 0
01 2 Jp1 = i1 =
881 ! (92170 ! 851 1

where ¢}, and ¢; denote @f(si* — xf) and g (s +
x — a7, xh) respectively.

According to hypothesis Hy and Hjs, both of eigen-
values are negative, therefore, the steady state Fs is
locally asymptotically stable when it exists. |

Jz =

ACKNOWLEDGMENT

The authors would like to thank Tunisian-Algerian
project “Ecologie mathématique, modélisation et
optimisation des bioprocédés de dépollution” and
TREASURE Euro-Mediterranean research network
(https://treasure.hub.inrae.fr/) for support.

REFERENCES

[1] O. Bernard, Z. Hadj-Sadock, D. Dochain, A. Genovesi, J.-P.
Steyer, Dynamical model development and parameter identifi-
cation for an anaerobic wastewater treatment process, Biotech-
nology and Bioengineering, 75:424-438, 2001.

[2] N. Abdellatif, R. Fekih-Salem, T. Sari, Competition for a single
resource and coexistence of several species in the chemostat,
Mathematical Biosciences and Engineering, 13:631-652, 2016.

[3] Y. Daoud, N. Abdellatif, T. Sari, J. Harmand, Steady state
analysis of a syntrophic model: The effect of a new input
substrate concentration, Mathematical Modelling of Natural
Phenomena, 13:31, 2018.

Biomath 13 (2024), 2406196, https://doi.org/10.55630/j.biomath.2024.06.196

[4] R. Fekih-Salem, N. Abdellatif, T. Sari, J. Harmand, Analyse
mathématique d’un modele de digestion anaérobie a trois étapes,
ARIMA Journal, 17:53-71, 2014.

[5] M. Hanaki, J. Harmand, Z. Mghazli, T. Sari, A. Rapaport, P.

Ugalde, Mathematical study of a two-stage anaerobic model

when the hydrolysis is the limiting step, Processes, 9:2050,

2021.

M. El Hajji, F. Mazenc, J. Harmand, A mathematical study

of a syntrophic relationship of a model of anaerobic digestion

process, Mathematical Biosciences and Engineering, 7:641—

656, 2010.

[7] J. F. Andrews, A mathematical model for continuous culture
of microorganisms utilizing inhibitory substrates, Biotechnology
and Bioengineering, 10:707-723, 1968.

[8] A. Detman, M. Bucha, L. Treu, A. Chojnacka, L. Plesniak, A.
Salamon, et al., Evaluation of acidogenesis products’ effect on
biogas production performed with metagenomics and isotopic
approaches, Biotechnology for Biofuels, 14:125, 2021.

[9] Z. Khedim, B. Benyahia, B. Cherki, T. Sari, J. Harmand, Effect
of control parameters on biogas production during the anaero-
bic digestion of protein-rich substrates, Applied Mathematical
Modelling, 61:351-376, 2018.

[10] M. Weedermann, G. Seo, G. Wolkowicz, Mathematical model
of anaerobic digestion in a chemostat: effects of syntrophy and
inhibition, Journal of Biological Dynamics, 7:59-85, 2013.

[11] N. Dimitrova, Dynamical analysis of a chemostat model for
4-chlorophenol and sodium salicylate mixture biodegradation,
Biomath, 12:2311027, 2023.

[12] J. Harmand, C. Lobry, A. Rapaport, T. Sari, The Chemostat:
Mathematical Theory of Microorganism Cultures, John Wiley
& Sons, 2017.

[13] T. Sari, J. Harmand, A model of a syntrophic relationship
between two microbial species in a chemostat including main-
tenance, Mathematical Biosciences, 275:1-9, 2016.

[14] H. L. Smith, P. Waltman, The Theory of the Chemostat: Dy-
namics of Microbial Competition, Cambridge University Press,
1995.

[15] S. Di, A. Yang, Analysis of productivity and stability of
synthetic microbial communities, Journal of the Royal Society
Interface, 16:20180859, 2019.

[16] B. Benyahia, T. Sari, B. Cherki, J. Harmand, Bifurcation and
stability analysis of a two-step model for monitoring anaerobic
digestion processes, Journal of Process Control, 22:1008-1019,
2012.

[17] T. Sari, M. El Hajji, J. Harmand: The mathematical analysis
of a syntrophic relationship between two microbial species in a
chemostat, Mathematical Biosciences, 9:627-645, 2012.

[18] B. Bar, T. Sari, The operating diagram for a model of compe-
tition in a chemostat with an external lethal inhibitor, Discrete
and Continuous Dynamical Systems — Series B, 25:2093-2120,
2020.

[6

=

16/16


https://treasure.hub.inrae.fr/
https://doi.org/10.1002/bit.10036
https://doi.org/10.1002/bit.10036
https://doi.org/10.1002/bit.10036
https://doi.org/10.1002/bit.10036
https://doi.org/10.3934/mbe.2016012
https://doi.org/10.3934/mbe.2016012
https://doi.org/10.3934/mbe.2016012
https://doi.org/10.1051/mmnp/2018037
https://doi.org/10.1051/mmnp/2018037
https://doi.org/10.1051/mmnp/2018037
https://doi.org/10.1051/mmnp/2018037
https://doi.org/10.46298/arima.1967
https://doi.org/10.46298/arima.1967
https://doi.org/10.46298/arima.1967
https://doi.org/10.3390/pr9112050
https://doi.org/10.3390/pr9112050
https://doi.org/10.3390/pr9112050
https://doi.org/10.3390/pr9112050
https://doi.org/10.3934/mbe.2010.7.641
https://doi.org/10.3934/mbe.2010.7.641
https://doi.org/10.3934/mbe.2010.7.641
https://doi.org/10.3934/mbe.2010.7.641
https://doi.org/10.1002/bit.260100602
https://doi.org/10.1002/bit.260100602
https://doi.org/10.1002/bit.260100602
https://doi.org/10.1186/s13068-021-01968-0
https://doi.org/10.1186/s13068-021-01968-0
https://doi.org/10.1186/s13068-021-01968-0
https://doi.org/10.1186/s13068-021-01968-0
https://doi.org/10.1016/j.apm.2018.04.020
https://doi.org/10.1016/j.apm.2018.04.020
https://doi.org/10.1016/j.apm.2018.04.020
https://doi.org/10.1016/j.apm.2018.04.020
https://doi.org/10.1080/17513758.2012.755573
https://doi.org/10.1080/17513758.2012.755573
https://doi.org/10.1080/17513758.2012.755573
https://doi.org/10.55630/j.biomath.2023.11.027
https://doi.org/10.55630/j.biomath.2023.11.027
https://doi.org/10.55630/j.biomath.2023.11.027
https://books.google.com/books?id=mYktDwAAQBAJ
https://books.google.com/books?id=mYktDwAAQBAJ
https://books.google.com/books?id=mYktDwAAQBAJ
https://doi.org/10.1016/j.mbs.2016.02.008
https://doi.org/10.1016/j.mbs.2016.02.008
https://doi.org/10.1016/j.mbs.2016.02.008
https://books.google.com/books?id=wFLdVo89vq8C
https://books.google.com/books?id=wFLdVo89vq8C
https://books.google.com/books?id=wFLdVo89vq8C
https://doi.org/10.1098/rsif.2018.0859
https://doi.org/10.1098/rsif.2018.0859
https://doi.org/10.1098/rsif.2018.0859
https://doi.org/10.1016/j.jprocont.2012.04.012
https://doi.org/10.1016/j.jprocont.2012.04.012
https://doi.org/10.1016/j.jprocont.2012.04.012
https://doi.org/10.1016/j.jprocont.2012.04.012
https://doi.org/10.3934/mbe.2012.9.627
https://doi.org/10.3934/mbe.2012.9.627
https://doi.org/10.3934/mbe.2012.9.627
https://doi.org/10.3934/dcdsb.2019203
https://doi.org/10.3934/dcdsb.2019203
https://doi.org/10.3934/dcdsb.2019203
https://doi.org/10.3934/dcdsb.2019203
https://doi.org/10.55630/j.biomath.2024.06.196

	Introduction
	Mathematical model
	Existence and stability of equilibrium points
	Equilibrium points of the reduced model (2)
	Existence and stability of equilibrium points of system (2) when s0 inhibits the growth of x1
	Existence and stability of equilibrium points of system (2) when x0 inhibits the growth of x1
	Equilibrium points of model (1)

	Operating diagrams
	 Operating diagrams in the (s0in,D) plane
	 Operating diagrams in the (s1in,D) plane

	Bifurcations
	Discussion and conclusion
	Appendix
	References

