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Abstract: This study develops an integrated mathe-
matical model of the cardiovascular–respiratory system
to investigate the regulation of blood and gas pressure
dynamics during physical exercise in a Chadian athletic
population. Heart rate and alveolar ventilation are in-
corporated as control inputs within an optimal control
framework to explain the stabilization of systemic arterial
pressure (Pas), systemic venous pressure (Pvs), and arte-
rial partial pressures of oxygen (PaO2) and carbon dioxide
(PaCO2) during moderate and intense exercise. The model
is calibrated using field data collected from elite male and
female football players and discretized using B-spline basis
functions to compute optimal control trajectories.

Simulation results show a strong concordance between
the measured physiological variables and the model pre-
dictions, as confirmed by the RMSE and MAE values
reported in Tables 7 and 8. Moreover, clear sex-related
ventilatory differences emerge from the simulations: un-
der comparable exercise intensity, male and female ath-
letes exhibit a measurable gap in alveolar ventilation, with
a difference quantified as ∆V̇A = 1.8 L · min−1.

The objective of this modeling approach is primarily
explanatory rather than predictive, aiming to reproduce
and interpret the physiological mechanisms governing
cardiorespiratory adaptation to exercise rather than to
provide long-term individual predictions. The proposed
framework demonstrates the capacity of optimal con-
trol–based models to capture realistic, population-specific
cardiorespiratory responses and provides a foundation for
future refinement and validation using larger experimen-
tal datasets.

Keywords: heart rate, alveolar ventilation, blood pres-
sures, gas pressures, mathematical model, Chad

I. INTRODUCTION

The cardiovascular and respiratory systems work in
tandem to maintain homeostasis, particularly by reg-
ulating blood pressure and gas exchange, which are
vital during physical exertion. Heart rate and alveo-
lar ventilation serve as primary physiological control
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mechanisms to modulate cardiac output and pulmonary
gas exchange, thereby stabilizing systemic arterial pres-
sure (Pas), systemic venous pressure (Pvs), and arterial
partial pressures of oxygen (PaO2 ) and carbon dioxide
(PaCO2

). During exercise, oxygen demand increases
substantially, inducing marked cardiovascular and res-
piratory adaptations that challenge the stability of these
pressure dynamics [1]. Developing mathematical mod-
els capable of representing such dynamics is therefore
essential for understanding physiological regulation and
for designing effective control strategies to preserve
homeostasis during exercise, particularly within spe-
cific and underrepresented populations such as those
in Chad.

Exercise induces complex and nonlinear changes
in cardiovascular and respiratory function. Increased
metabolic demand elevates cardiac output through co-
ordinated adjustments in heart rate and stroke volume,
while ventilation increases to satisfy oxygen uptake and
facilitate carbon dioxide elimination [2]. The interac-
tion between these systems results in highly dynamic
pressure responses that require precise regulation to
avoid physiological imbalance. Mathematical modeling
of these coupled processes provides a valuable frame-
work for simulating exercise-induced responses and
for evaluating control approaches aimed at optimizing
physiological outcomes [3].

Mathematical modeling of the cardiovascular–
respiratory system has progressed considerably over
recent decades. Early work by Milhorn et al. [4] laid
the foundation for respiratory control modeling through
feedback regulation of blood gases. Subsequent studies
incorporated cardiovascular dynamics to investigate the
interplay between heart rate, ventilation, and vascular
resistance [5]. Many of these models employ optimal
control theory to adjust heart rate and ventilation in
real time, thereby ensuring arterial pressure stability and
gas exchange homeostasis under varying physiological
conditions [6]. Batzel et al. [7] further demonstrated the
effectiveness of optimal control strategies in integrated
cardiorespiratory models, highlighting their relevance
for exercise scenarios characterized by rapid and sig-
nificant perturbations.

Despite these advances, existing integrated cardiores-
piratory models are largely developed and validated
using data from non-African populations and typi-
cally rely on generic parameter sets. In contrast, the
present study introduces a localized modeling frame-
work based on experimental data collected from elite
Chadian football players, a population that remains
largely underrepresented in physiological modeling

studies. The model incorporates sex-specific parame-
terization to capture physiological differences between
male and female athletes and employs a numerical
discretization of the optimal control problem using B-
spline basis functions. This combination of population-
specific data, sex-dependent calibration, and spline-
based control discretization constitutes the principal
novelty of the present work relative to previous inte-
grated cardiovascular–respiratory models.

Chad presents specific challenges related to cardio-
vascular and respiratory health during physical activity.
Environmental factors such as altitude and climate,
combined with limited healthcare infrastructure and
the prevalence of non-communicable diseases includ-
ing hypertension and respiratory disorders, influence
cardiorespiratory responses to exercise [8]. Moreover,
daily activities and sporting practices often involve
substantial physical exertion, making the understanding
of exercise-induced pressure dynamics particularly rele-
vant. Developing a region-specific mathematical model
that accounts for these physiological and environmen-
tal factors is therefore essential for improving health
assessment and guiding intervention strategies in the
Chadian context.

The objective of this study is to develop a com-
prehensive mathematical model of the cardiovascular–
respiratory system tailored to the Chadian population,
with a particular focus on the control of pressure
dynamics during exercise. The modeling framework
adopts a primarily explanatory, rather than predictive,
perspective, aiming to reproduce and interpret the phys-
iological mechanisms governing cardiorespiratory reg-
ulation in response to exercise-induced perturbations.
Heart rate and alveolar ventilation are introduced as
control inputs to regulate systemic arterial and venous
pressures, as well as arterial blood gas levels. By
simulating exercise-induced disturbances, the proposed
model enables the evaluation of optimal control strate-
gies designed to maintain homeostasis and prevent
maladaptive physiological responses.

This approach builds upon and extends previous
modeling efforts. Magosso and Ursino demonstrated
the capacity of mathematical models to capture car-
diovascular responses to exercise and emphasized the
role of feedback mechanisms [2]. Olufsen and Ottesen
proposed patient-specific modeling frameworks com-
bining cardiovascular and respiratory control with op-
timal control theory [5]. Cheng et al. [3] highlighted
the influence of cardiorespiratory coupling on pressure
variability. These studies inform the development of the
present framework, which integrates local physiological
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characteristics and environmental conditions relevant to
Chad.

In summary, this paper presents a mathematical
modeling and optimal control framework for analyz-
ing cardiovascular–respiratory pressure regulation dur-
ing exercise in a Chadian population. By combining
population-specific data, sex-dependent parameteriza-
tion, and spline-based numerical discretization, the pro-
posed model provides a valuable tool for improving
the understanding of exercise physiology and for sup-
porting future physiological and clinical investigations
in this context. The remainder of the paper is orga-
nized as follows: Section 2 describes the methodology
and model formulation; Section 3 presents the opti-
mal control problem; Section 4 details the numerical
discretization; Section 5 reports the simulation results;
Section 6 discusses the findings and their implications;
and Section 7 concludes the study.

II. METHODS AND MATERIAL

A. Data source

The dataset used to calibrate and validate the cardio-
respiratory model was collected from a cohort of 23
elite Chadian football players, including 11 men and
12 women, all competing professionally in the national
first division. The athletes were in excellent health dur-
ing the entire data collection period, with no reported
medical conditions that could influence cardiovascular
or respiratory responses. The average age of the male
group was approximately 21 ± 3 years, while the female
group had a mean age of around 24 ± 4 years.

All measurements were carried out at Paris-Congo
Stadium in N’Djamena, located at an altitude of 295
meters. Training sessions took place during the early
morning to ensure stable environmental conditions, with
ambient temperatures ranging between 22°C and 25°C
throughout the data collection period. Each athlete
completed 15 structured training sessions lasting about
two hours, during which physiological parameters were
recorded twice per session: once at rest before exercis-
ing and once immediately after the training session, in
order to capture the acute cardio-respiratory response
to exercise.

To ensure consistency and accuracy, standardized
procedures were applied across all sessions. Blood
pressure was measured on the left arm using calibrated
sphygmomanometers, while heart rate was recorded
with cardiac monitors. Body weight and height were
obtained using professional-grade scales and stadiome-
ters; body temperature was measured with clinical
thermometers; ambient temperature was recorded with

environmental thermometers; and altitude was assessed
with digital altimeters. The athletes remained seated
and relaxed during resting measurements to minimize
variability.

Although the dataset includes detailed physiolog-
ical information, the data remain confidential. Only
anonymized, aggregated summaries were used for the
modeling and analysis performed in this study.

The study was conducted in accordance with the
ethical principles of the Declaration of Helsinki
(World Medical Association, 2013) for research in-
volving human subjects. The research protocol, in-
cluding all procedures for physiological measurements
and data collection, was reviewed and approved by
the Ethics Committee of the Faculty of Science,
University of N’Djamena, under reference number
261/PR/PM/MESRSFP/SE/SG/ASE/UDS/SG/2024. All
participants were informed about the objectives and
procedures of the study, as well as the potential risks as-
sociated with physical exercise. Each provided written
informed consent prior to participation. The data col-
lected were processed anonymously and confidentially,
and used solely for scientific purposes.

Data availability: The individual raw physiological
data used in this study are confidential and cannot be
publicly shared. Anonymized and aggregated data sup-
porting the findings of this study, as well as the model
code, are available from the corresponding author upon
reasonable request.

B. Mathematical model equations

The system dynamics are described by the mathe-
matical model, expressed in the form of the following
system of ordinary differential equations:

τc
dQc(t)

dt
= −Qc(t) + γQcCvO2

(t)Wre
TDc ,

τO2

dQO2
(t)

dt
= −QO2(t) + γQO2

CMLa(t)Wre
TDO2 ,

ρ
dQCO2

(t)

dt
= −QCO2

(t) + γQCO2
CvO2

(t),

VM
dCMLa(t)

dt
= −CMLa(t) + γMLaPaO2(t),

dCvO2
(t)

dt
= −CvO2

(t) + γvO2
QO2

(t)

τE
dVE(t)

dt
= −VE(t) + γVECMLa(t)eTDE ,

dPaO2
(t)

dt
= −PaO2

(t) + γaO2
PaCO2

(t),
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Parameter Description Unit
Qc Cardiac output L · min−1

QO2 The oxygen extraction of the muscle mL O2/dl blood
QCO2 Muscle carbon dioxide production L · min−1

CMLa The lactate concentrations in the muscle compartment mmol/L
CvO2 The concentration of oxygen in the mixed-venous blood entering the lung mL O2/dl blood
VE The pulmonary ventilation for a step increase of exercise L · min−1

PaO2 Arterial oxygen partial pressure mmHg
PaCO2 Arterial carbon dioxide partial pressure mmHg
Pas Systemic arterial blood pressure mmHg
Pvs Systemic venous blood pressure mmHg

Table 1: Model variables.

dPaCO2
(t)

dt
= −PaCO2

(t) + γaCO2
PaO2

(t),

dPas(t)

dt
= −Pas(t) + Pαvs(t)f1(H(t)),

dPvs(t)

dt
= −Pvs(t) + P βas(t)f2(V̇A(t)). (1)

Model parameter estimation was formulated within
the optimal control framework as a constrained non-
linear optimization problem. The objective function
consisted of a least-squares criterion quantifying the
discrepancy between experimental measurements and
simulated outputs of systemic arterial pressure (Pas),
systemic venous pressure (Pvs), arterial oxygen partial
pressure (PaO2

), and arterial carbon dioxide partial
pressure (PaCO2

).
The parameter estimation problem was formulated as

a constrained nonlinear optimization and solved using
a Sequential Quadratic Programming (SQP) algorithm,
implemented in the MATLAB environment through the
fmincon function. The initial parameter values, reported
in Table 4, were selected based on reference physi-
ological models and data from the literature. Lower
and upper bounds were imposed on each parameter to
ensure physiological plausibility and numerical stability
of the optimal control problem.

The Table 1 describes the variables of the mathe-
matical model and their units. The model parameters,
γQc , γQO2

, γQCO2
, γMLa, γvO2

, γVE , γaO2
, γaCO2

,
TDc, TDE , TDO2

, k1, k2, α and β are estimated and
presented in Table 2, while those obtained from the
literature are listed in Table 3.

In (1), the logistic functions f1 and f2 are formulated
as follows.

f1(H(t)) =
C1f1,0

f1,0 + (C1 − f1,0) ek1H(t)
,

f2(V̇A(t)) =
C1f2,0

f2,0 + (C2 − f2,0) ek2V̇A(t)
,

where k1 and k2 represent the maximum growth rates
of alveolar ventilation and heart rate, respectively, while
C1 and C2 denote the maximum sustainable capacities
for alveolar ventilation and heart rate, respectively. The
constants f1,0 and f2,0 refer to the values of f1(H(t))
and f2(V̇A(t)) at the start of the evolutionary process.

The functions f1 and f2 model time-dependent con-
trol mechanisms in the cardiovascular–respiratory sys-
tem. Depending on heart rate H and alveolar ventila-
tion V̇A, they ensure a dynamic coupling between the
cardiac and respiratory subsystems. Their logistic form
captures the nonlinear and saturating nature of physio-
logical regulation, guaranteeing bounded responses and
a smooth convergence of the system toward equilib-
rium.

The inspiratory reserve volume (IRV) and expiratory
reserve volume (ERV) are well-documented parameters
in the scientific literature. Vital capacity (VC) can be
estimated using predictive equations that account for
individual factors such as sex, height (h), and age (a).
According to [10], these relationships are expressed as
follows:

V T = V C − IRV − ERV,
V Cmale = (27.63− 0.112a)h,

V Cfemale = (21.78− 0.101a)h,

where V T denotes tidal volume. In addition, the pre-
dictive equations for systemic arterial pressure and
systemic venous pressure are given as follows [12,13]:

Pas = Pdias +
1

3
(Psys − Pdias),

Pvs = Pas +Q×Rs,

The ratio between tidal volume (V T ) and dead space
volume (V D) provides an estimate based on a graph-
ical analysis of the experimental data obtained during
moderate exercise, as reported in [14] (Figures 17–18,
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p. 82). This estimate can be expressed by the following
relationship:

V D/V T =
0.5578

VE
+ 0.1482.

Under moderate exercise intensity, cellular oxygen
utilization (QO2) can be represented by a first-order
linear dynamic model. The time constant associated
with this process is close to that observed for systemic
oxygen uptake (V̇O2

) [15–17]. Once physiological equi-
librium is reached, both systemic oxygen uptake (V̇O2)
and cellular oxygen utilization (QO2) vary propor-
tionally with the mechanical power output (Wr). This
dependence is commonly expressed as:

∆V̇O2 = 10×Wr,

where ∆V̇O2 denotes the increase in oxygen con-
sumption (mL/min), while Wr refers to the work rate
expressed in watts [17–19].

Furthermore, the partial pressures of oxygen and
carbon dioxide in arterial blood can be expressed as
follows [20, 21]:

PaCO2
=

863V̇CO2

VE(1− V D/V T )
,

PaO2
= 147− 863V̇O2

VE(1− V D/V T )
.

At rest, the heart provides a total cardiac output of
approximately 5 L ·min−1, with around 0.75 L ·min−1

directed to the muscles. During physical exertion, the
increase in cardiac output is generally assumed to
be entirely redirected to the active muscles [22], as
illustrated by the following equation:

Qc = 0.05Wr + 5.

III. FORMULATION AND DISCRETIZATION OF
OPTIMAL CONTROL PROBLEM

To formulate the optimal control problem, we define
the state vector X = (PaO2 , PaCO2 , Pas, Pvs)

t, epre-
senting the key physiological variables to be regulated.
These include arterial partial pressures of oxygen and
carbon dioxide, systemic arterial pressure, and systemic
venous pressure. The objective is to determine control
inputs that minimize a cost function while ensuring
the state variables remain within desired physiological
ranges, subject to system dynamics and constraints.

We consider Xe =
(
P eaO2

, P eaCO2
, P eas, P

e
vs

)t
as the

corresponding steady state vector, and we set X∗ =(
P ∗aO2

, P ∗aCO2
, P ∗as, P

∗
vs

)t
as the solution of the follow-

ing optimal problem.

Parameter Unit Male Female
γQc dl/min 0.5264 0.2667
γQO2

mL/mmol 0.0054 0.0128
γQCO2

dl/min 3.2681 1.4704
γMLa mmol · L−1/mmHg 0.0282 0.0274
γvO2 Constant 0.0180 0.0387
γVE L2mmol−1/min 2.4991 2.1011
γaO2 Constant 2.5313 2.6769
γaCO2 Constant 0.3950 0.3736
TDc Constant 0.4248 0.4353
TDE Constant 3.9997 3.6747
TDO2 Constant 0.4842 0.2278
k1 Constant 0.0018 0.0094
k2 Constant 0.1336 0.0831
α Constant 0.2336 0.4082
β Constant -0.0098 -0.0007

Table 2: Values of estimated parameters.

Find X∗ as solution of

J(X) =

∫ Tmax

0

qaO2

(
PaO2

− P eaO2

)2
+ qaCO2

(
PaCO2 − P eaCO2

)2
+ qas (Pas − P eas)

2
+ qvs (Pvs − P evs)

2

+ qH (H −He)
2

+ qV̇A

(
V̇A − V̇ eA

)
, (2)

subject to the mathematical model (1). Here, H and
V̇A represent the heart rate and alveolar ventilation,
respectively, while qaO2

, qaCO2
, qas, qvs, qH and qV̇A

denote weighting factors. Tmax denotes the maximum
allowable duration of the physical activity.

The optimal control strategy is based on the min-
imization of a quadratic cost function that penalizes
both deviations of physiological variables from their
equilibrium and the control effort applied. It considers
arterial partial pressures of oxygen (PaO2 ) and carbon
dioxide (PaCO2 ), systemic arterial pressure (Pas), sys-
temic venous pressure (Pvs), as well as the control
variables, heart rate (H) and alveolar ventilation (V̇A).

The weighting coefficients (qaO2 , qaCO2 , qas, qvs)
define the relative importance of regulating blood gases
and cardiovascular pressures, while qH and qV̇A limit
excessive control variations to ensure physiologically
realistic profiles. The balance between these weightings
ensures effective stabilization of pressures and gas
exchange while maintaining plausible control actions.

The discretization relies on two complementary pa-
rameters. The parameter N denotes the dimension
of the vector space spanned by the B-spline basis
functions, that is, the number of B-splines used to
parameterize the control variables. Each control input is
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therefore expressed as a linear combination of these N
basis functions. In contrast, M , as defined in relation
(6), represents the number of discretization points in
R used for the numerical evaluation of the state equa-
tions and the cost functional over the considered time
horizon.

To approximate the system described by equations
(1), we consider

BN =
{
ψNj , j = 1, ..., N

}
,

a set of linear B-spline basis functions defined on a
uniform grid

ΩN =

{
tk =

kTmax

N
, k = 0, ..., N

}
,

such that

ψNi (tk) = δik.

In the proposed optimal control framework, the time-
dependent control variables, namely the heart rate H(t)
and the alveolar ventilation V̇A(t), are parameterized
using cubic B-spline basis functions (order 3). This
choice ensures a smooth (C2-continuous) representation
of the control trajectories, which is physiologically
consistent with the gradual nature of cardiovascular and
ventilatory adjustments during exercise.

The control horizon [0, Tmax], with Tmax = 120 min,
is discretized using a uniform knot sequence with
N = 12 subintervals. The resulting B-spline basis
functions are locally supported, being nonzero only over
a limited time span, which allows local modifications
of the control profiles without affecting their global
structure. The control variables are thus expressed as
linear combinations of these basis functions, yielding
smooth and flexible trajectories while transforming the
continuous-time optimal control problem into a finite-
dimensional parameter optimization problem.

The use of cubic B-splines provides an effective
compromise between numerical stability and modeling
accuracy, enabling adequate smoothing of the con-
trol signals while preserving their responsiveness to
exercise-induced perturbations. Grid independence was
assessed by repeating the simulations using both coarser
and finer discretizations (varying the number of control
parameters and time nodes), which resulted in negligi-
ble changes in the state trajectories and in the value of
the cost functional. This confirms the robustness of the
numerical discretization and the independence of the
results with respect to the chosen grid resolution.

Let us introduce the vector space WN whose basis
is denoted by BN . Thus, we have

dimWN = N,

WN ⊂WN+1.

Let us once again consider W = C0(0, T ), and
define the following interpolation operator

ΠN : W −→WN

φ 7−→ ΠNφ.

This meets the following condition

ΠNφ(tk) = φ(tk), k = 1, · · · , N.

It is straightforward to verify that∥∥ΠNφ− φ
∥∥
W
−→
N→∞

0, ∀φ ∈W,

∣∣∣∣∣∣ΠN
∣∣∣∣∣∣ = sup

φ 6=0
φ∈W

∥∥ΠNφ
∥∥
W

‖φ‖W
= 1.

Hence, the system (1) can be approximated as fol-
lows. Find (QNc , Q

N
O2
, QNCO2

, CNMLa, C
N
vO2

, V NE , PNaO2
,

PNaCO2
, PNas , P

N
vs) ∈ (WN )10 solution of the system:

τc
dQNc (t)

dt
= −QNc (t) + γQcC

N
vO2

(t)Wre
TDc ,

τO2

dQNO2
(t)

dt
= −QNO2

(t) + γQO2
CNMLa(t)Wre

TDO2 ,

ρ
dQNCO2

(t)

dt
= −QNCO2

(t) + γQCO2
CNvO2

(t),

VM
dCNMLa(t)

dt
= −CNMLa(t) + γMLaP

N
aO2

(t),

dCNvO2
(t)

dt
= −CNvO2

(t) + γvO2Q
N
O2

(t) (3)

τE
dV NE (t)

dt
= −V NE (t) + γVEC

N
MLa(t)eTDE ,

dPNaO2
(t)

dt
= −PNaO2

(t) + γaO2
PNaCO2

(t),

dPNaCO2
(t)

dt
= −PNaCO2

(t) + γaCO2
PNaO2

(t),

dPNas(t)

dt
= −PNas(t) +

(
PNvs
)α

(t)fN1 (H(t)),

dPNvs(t)

dt
= −PNvs(t) +

(
PNas
)β

(t)fN2 (V̇A(t)),
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Parameter Description Unit Value Source
τc Response time of the cardiac output Second (s) 19 [9]
Wr Work rate Watt (W) 75 [10]
τO2 Response time of oxygen consumption Second (s) 182 [9]
ρ Linear constant related to carbon dioxide production Constant 50 [9]
τE Response time of the control of ventilation Second(s) 53 [9]
VM Effective volume of lactate in the muscle compartment Litre (L) 8.1 [9]
IRV(Male) Inspiratory reserve volume Milliliter (mL) 3,000 [10]
IRV(Female) Inspiratory reserve volume Milliliter (mL) 2,100 [10]
ERV(Male) Expiration reserve volume Milliliter (mL) 1,100 [10]
ERV(Female) Expiration reserve volume Milliliter (mL) 800 [10]
Q Cardiac output L · min−1 6 [11]
Rs Peripheral resistance in the systemic circuit mmHg · min/L 14.6 [10]
V D Volume of dead space Milliliter (mL) 150 [10]

Table 3: Description and values of parameters from the literature.

with

QNc (0) = QNc,0, QNO2
(0) = QNO2,0,

QNCO2
(0) = QNCO2,0, CNMLa(0) = CNMLa,0,

CNvO2
(0) = CNvO2,0, V NE (0) = V NE,0,

PNaO2
(0) = PNaO2,0, PNaCO2

(0) = PNaCO2,0,

PNas(0) = PNas,0, PNvs(0) = PNvs,0,

such that

|Qc,0 −QNc,0| −→
N→∞

0, |CMLa,0 − CNMLa,0| −→
N→∞

0,

|QCO2,0 −QNCO2,0| −→N→∞
0, |QO2,0 −QNO2,0| −→N→∞

0,

|CvO2,0 − CNvO2,0| −→N→∞
0, |VE,0 − V NE,0| −→

N→∞
0,

|PaO2,0 − PNaO2,0| −→N→∞
0, |Pvs,0 − PNvs,0| −→

N→∞
0,

|Pas,0 − PNas,0| −→
N→∞

0, |PaCO2,0 − PNaCO2,0| −→N→∞
0.

The following approach is used to discretize the optimal
problem (2):

min
λ∈Q

JN (λ) =

∫ Tf

0

(
qaO2

(PNaO2
− P eaO2

)2 (4)

+ qaCO2
(PNaCO2

− P eaCO2
)2

+ qas(P
N
as − P eas)2 + qvs(P

N
vs − P evs)2

+ qH(HN −He)2 + qV̇A(V̇ NA − V̇ eA)2
)
dt.

We seek

λM =
(
HN −He, V̇ NA − V̇ eA

)t
∈ QM ,

which is an approximated solution of (4) within the set
QM = (WM )2 such that

λMj =

M∑
k=0

λMj,kψk(t), j = 1, 2.

Consequently, the cost function (4) takes the following
form

JN (λM ) ≈
M∑
k=1

(
qaO2(PNaO2

(tk)− P eaO2
)2 (5)

+

2∑
j=1

q(λMj,k)2 + qaCO2(PNaCO2
(tk)− P eaCO2

)2

+ qas(P
N
as(tk)− P eas)2 + qvs(P

N
vs(tk)− P evs)2

)Tmax

M
,

where q = (qH , qV̇A)t. Note that (5) is obtained using
the rectangular method, where the discretization is
carried out over a regular grid ΩM .

The discretized version of the cost function (4) is
written as follows:

JN (λM ) ≈ ∆t
(

(Y TRY ) + (λM )TSλM
)
,

where

R =


qaO2 0 0 0

0 qaCO2 0 0
0 0 qas 0
0 0 0 qvs

 ,

S =

(
qH 0
0 qV̇A

)
,

and

Y =
(
PNaO2

(tk)− P eaO2
, PNaCO2

(tk)− P eaCO2
,

PNas(tk)− P eas, PNvs(tk)− P evs
)t
.

The weighting matrices R and S in the quadratic cost
function were chosen to balance the relative importance
between state regulation and control effort. Higher
weights were assigned to arterial pressures (Pas, Pvs)
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and blood gas variables (PaO2
, PaCO2

) in matrix R, re-
flecting their primary physiological relevance for home-
ostasis during exercise. The weights associated with the
control variables (heart rate H and alveolar ventilation
V̇A) in matrix S were selected to penalize excessive
control actions and ensure smooth and realistic control
profiles consistent with physiological limits.

Finally, the optimal control problem (2) subject to
(1) is formulated in discrete form as follows.

Find λ∗,M ∈ R(M+1) × R(M+1) as a solution of

min
λM∈R(M+1)×R(M+1)

JN (λM )

≈ ∆t
(

(Y TRY ) + (λM )TSλM
)
, (6)

subject to (3) where λM is an (M + 1) × 2 whose
components λMj,k correspond to the functions λNj in BN ,
and Y is the matrix whose (j, k)th component is given
by XN

j (tk)−Xe
j .

IV. NUMERICAL SIMULATION

Table 4 outlines the initial values used in the mathe-
matical model developed to simulate the cardiovascular-
respiratory system during exercise in Chad.

The initial values in the Table 4 represent baseline
physiological conditions, including heart rate, blood
pressure, oxygen and carbon dioxide concentrations,
lung volume, and blood flow rates. Each parameter is
chosen based on clinical data relevant to the target
population, ensuring realistic model behavior. These
initial conditions serve as the foundation for simulating
dynamic responses to exercise, enabling the model to
predict how blood and gas pressures are regulated to
maintain homeostasis under varying levels of physical
activity in the given environment.

For both exercise types (moderate and intense),
the initial values of the controls of cardiovascular-
respiratory system, heart rate (H) and alveolar venti-
lation (V̇A), are assumed as 70 beats per minute and
6 L ·min−1, respectively. The values that represent
steady-state physiological conditions under resting or
controlled activity levels are shown in the Table 5.

Physiological bounds were imposed on the control
variables according to exercise data, namely 60 ≤
H ≤ 180 bpm and 4 ≤ V̇A ≤ 30 L ·min−1.
Throughout all simulations, optimal controls remained
within these admissible ranges, and the constraints were
not saturated, indicating that they were not active. This
confirms that the computed controls stayed within phys-
iologically sound limits while successfully achieving
pressure stabilization.

Variable Male Female
Qc 4.5 4.2
QO2 4.1 3.5
QCO2 0.18 0.16
CMLa 0.9 0.8
CvO2 0.14 0.14
VE 6.1 5.3
PaO2 90 90
PaCO2 38 38
Pas 80 70
Pvs 3.9 3.9

Table 4: Initial conditions of the mathematical model.

The Table 6 presents the weights (Components of the
matrices S and R) taken for solving the optimal control
problem (6) subject to the constraints (3).

Tables 7 and 8 present the prediction errors of
the simulated variables in terms of RMSE and MAE
for different profiles, including distinctions by sex
(male/female) and exercise intensity levels. These re-
sults provide an assessment of the accuracy and ro-
bustness of the model in reproducing the observed
physiological responses.

Sex-related differences were quantified from the
steady-state values reported in Table 5. During moder-
ate exercise, females exhibit a higher heart rate (∆H =
+5 bpm), combined with a lower alveolar ventilation
(∆V̇A = −1.8 L·min−1), reduced systemic arterial
pressure (∆Pas = −5 mmHg), and slightly lower sys-
temic venous pressure (∆Pvs = −0.5 mmHg). In paral-
lel, a small decrease in arterial carbon dioxide pressure
is observed (∆PaCO2 = −0.5 mmHg), while arterial
oxygen pressure remains slightly higher (∆PaO2 =
+2 mmHg). Under intense exercise, the heart rate
difference persists (∆H = +5 bpm) and the ventilatory
difference increases (∆V̇A = −3 L·min−1), whereas
systemic arterial and venous pressures (∆Pas = 0,
∆Pvs = −0.5 mmHg) as well as PaCO2 become glob-
ally comparable between sexes. These results highlight
sex-specific cardiovascular–respiratory control strate-
gies, consistent with differentiated physiological adap-
tations to exercise.

These parameters include stable blood and gas pres-
sures, heart rate, and alveolar ventilation. The equilib-
rium values ensure that the model accurately reflects
the body’s ability to maintain homeostasis, serving as
a reference point for analyzing deviations caused by
varying exercise intensities and environmental factors.

The numerical results for the male case, depicted
in Figures 1, 2, 3, are obtained by addressing the
optimal control problem defined in (6) while adhering
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Moderate exercise Intense exercise
Parameters Male Female Male Female

He 110 115 145 150
V̇Ae 9 7.2 20 17
PaO2e 95 97 100 99
PaCO2e 36 35.5 35 35
Pase 115 110 120 120
Pvse 3 2.5 2.5 2

Table 5: Value of parameters at equilibrium states during
exercise.

Moderate exercise Intense exercise
Param. weights Male Female Male Female

qH 108 109 109 108

qV̇A 108 109 108 108

qaO2 108 109 109 107

qaCO2 108 108 109 108

qas 108 108 108 107

qvs 108 109 109 108

Table 6: Weights associated with the variables of the cost
function for optimization.

to the constraints specified in (3). These figures illus-
trate the system’s behavior under optimal conditions,
highlighting the effectiveness of the control strategy
in regulating blood and gas pressure dynamics within
the cardiovascular-respiratory model during exercise, as
designed for maintaining physiological homeostasis in
the studied male population.

Similarly, Figures 4, 5, and 6 highlight the effective-
ness of the control strategy in regulating blood and gas
pressure dynamics within the cardiovascular-respiratory
model during exercise for the female case. These results
demonstrate the model’s ability to maintain physiolog-
ical homeostasis, as designed, but now applied to the
studied female population.

V. DISCUSSION OF RESULTS

Figure 1 presents the dynamic response of heart rate
(curves a and b) and alveolar ventilation (curves c and
d) for male during exercise. Under moderate exercise
(curves (a) and (c)), both heart rate and ventilation
increase progressively before stabilizing at a plateau,
indicating the achievement of a new physiological equi-
librium where oxygen supply meets muscular demand.
In contrast, intense exercise (curves (b) and (d)) triggers
a more rapid and pronounced rise in both parameters,
consistent with cardiovascular-respiratory physiology,
which explains that higher metabolic activity requires
increased cardiac output and pulmonary ventilation to
maintain oxygen delivery and carbon dioxide (CO2)

Moderate exercise Intense exercise
Parameters Male Female Male Female
PaO2 2.48 1.63 3.44 3.33
PaCO2 0.73 0.64 1.7 1.07
Pas 3.16 2.45 4.87 3.96
Pvs 0.93 0.79 0.78 0.93

Table 7: RMSE values are reported for the four physiological
pressure variables (PaO2 , PaCO2 , Pas, Pvs).

Moderate exercise Intense exercise
Parameters Male Female Male Female
PaO2 2.42 1.1 3.43 3.1
PaCO2 0.68 0.49 1.68 0.99
Pas 3.2 3.38 3.08 3.23
Pvs 0.94 0.6 0.64 0.48

Table 8: MAE values are reported for the four physiological
pressure variables (PaO2 , PaCO2 , Pas, Pvs).

clearance. For female (Figure 4), similar trends are
observed, but alveolar ventilation reaches higher val-
ues than in men under both exercise intensities. This
enhanced ventilatory response may be attributed to
sex-related physiological differences, such as smaller
lung volumes, higher respiratory rates, and hormonal
influences like estrogen, which affect ventilatory control
and sensitivity during physical exertion.

Figure 2 illustrates the variations in arterial oxy-
gen pressure (curves (a) and (b)) and arterial carbon
dioxide pressure (curves (c) and (d)) for male during
exercise. Under moderate effort (curves (a) and (c),)
PaO2

shows a slight increase before stabilizing, while
PaCO2

decreases moderately, indicating that ventila-
tion effectively adapts to meet metabolic demands. In
intense exercise (curves (b) and (d)), PaO2

remains
elevated and PaCO2 drops more significantly, reflecting
hyperventilation, a physiological response to increased
carbon dioxide production and oxygen consumption.
According to respiratory physiology, this mechanism
enhances gas exchange efficiency and helps maintain
acid-base balance. In female (Figure 5), PaO2 (curves
(a) and (b)) remains slightly higher than in men, while
PaCO2

(curves (c) and (d)) decreases at a similar
or slightly faster rate. This suggests that female may
exhibit more efficient pulmonary gas exchange, po-
tentially due to higher respiratory rates and greater
ventilatory responsiveness during physical activity.

Figures 3 and 6 illustrate the behavior of systemic
arterial pressure (Pas, curves (a) and (b)) and systemic
venous pressure (Pvs, curves c and d) during exercise.
In men, moderate exercise (curves a and c) leads to
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Fig. 1: Evolution of heart rate and alveolar ventilation for male during moderate (curves a and c) and intense (curves b and
d) exercise.

Fig. 2: Evolution of PaO2 and PaCO2 for male during moderate (curves a and c) and intense (curves b and d) exercise.
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Fig. 3: Evolution of Pas and Pvs for male during moderate (curves a and c) and intense (curves b and d) exercise.

Fig. 4: Evolution of heart rate and alveolar ventilation for female during moderate (curves a and c) and intense (curves b and
d) exercise.
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Fig. 5: Evolution of PaO2 and PaCO2 for female during moderate (curves a and c) and intense (curves b and d) exercise.

Fig. 6: Evolution of Pas and Pvs for female during moderate (curves a and c) and intense (curves b and d) exercise.
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a gradual rise in Pas and a slow decrease in sys-
temic venous pressure (Pvs), indicating a well-regulated
cardiovascular response to increased demand. During
intense exercise (curves (b) and (d)), Pas increases
more sharply and stabilizes at higher levels, while Pvs
drops further. This reflects enhanced venous return,
vasoconstriction in non-active regions, and effective
redistribution of blood flow toward working muscles,
key mechanisms in cardiovascular physiology for main-
taining perfusion pressure and oxygen delivery during
exertion.

For female (Figure 6), the rise in Pas and the fall
in Pvs are even more pronounced, suggesting a more
robust hemodynamic adaptation. This may be influ-
enced by sex-specific cardiovascular regulation, such as
differences in vascular tone, hormonal modulation, and
cardiac output response.

VI. CONCLUDING REMARKS

This study developed a comprehensive mathematical
model integrating the cardiovascular and respiratory
systems to regulate blood and gas pressure dynamics
during physical exercise, tailored to the physiological
characteristics of the Chadian population. By using
heart rate and alveolar ventilation as control variables,
the model effectively captured the physiological re-
sponses seen in trained individuals under both moderate
and intense exercise conditions.

The simulation results confirmed the model’s ability
to replicate key changes in systemic and venous pres-
sures, as well as arterial oxygen and carbon dioxide
partial pressures, aligning with known physiological
mechanisms of homeostatic regulation.

Notably, the analysis revealed sex-specific differ-
ences, with women exhibiting a stronger ventilatory
response, an insight that supports the need for personal-
ized or sex-specific modeling. Furthermore, the model
demonstrates strong potential as a predictive tool for as-
sessing cardiovascular-respiratory performance during
exercise in diverse populations. It offers a foundation
for clinical applications aimed at improving cardiores-
piratory health and performance in both medical and
athletic contexts.

Nonetheless, further refinement and validation
against experimental or clinical data are necessary to
improve the model’s accuracy, adaptability, and prac-
tical implementation across broader physiological and
environmental conditions. Future work will focus on
refining the model’s accuracy and expanding its appli-
cability through clinical validation and integration with
real-world physiological data.

LIMITATIONS

This study is based on simulations and analyses per-
formed around reference physiological conditions, with
measurements mainly evaluated near equilibrium states.
While this approach is consistent with the explanatory
objective of the model, it limits the detailed analysis
of transient cardiovascular–respiratory dynamics under
rapid or unanticipated perturbations.

In addition, parameter uncertainty, identifiability, and
sensitivity were not formally assessed (e.g., via confi-
dence intervals, bootstrap methods, or sensitivity anal-
ysis), which may restrict the evaluation of the relative
influence of individual model parameters on the system
outputs. Finally, exogenous inputs such as environ-
mental conditions or neuro-hormonal regulatory mech-
anisms are not explicitly incorporated into the model.
These aspects will be addressed in future studies.
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