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Abstract: The fall armyworm Spodoptera frugiperda,
hereafter referred to as FAW, is one of the most destructive
invasive pests affecting maize production in sub-Saharan
Africa. Understanding how climatic variability influences
its population dynamics is essential for improving pest
monitoring and management strategies. In this study,
we develop and analyze a stage-structured mathematical
model describing the population dynamics of the pest
across its four developmental stages (eggs, larvae, pupae,
and adults). We first investigate a baseline model with con-
stant parameters, which allows a complete mathematical
analysis of the system. A threshold quantity governing pest
extinction or persistence is derived, and sensitivity analysis
identifies the biological parameters that most strongly
influence population growth. These results provide the-
oretical insights into which life stages represent the most
effective targets for control strategies. We then extend
the framework to incorporate climate-driven dynamics
through temperature- and rainfall-dependent parameters.
Using climatic observations from Pretoria (South Africa),
we examine how seasonal environmental variability affects
pest persistence. The analysis leads to the identification
of two climate-dependent thresholds, Rmin0 and Rmax0 ,
which determine whether the pest population disappears

or persists through periodic seasonal oscillations. Nu-
merical simulations illustrate how climatic forcing can
generate contrasting invasion scenarios and reproduce
realistic seasonal patterns of pest abundance. Overall,
the proposed framework highlights the central role of
climatic variability in shaping FAW population dynamics
and demonstrates how climate-informed mathematical
models can serve as predictive tools for agricultural pest
monitoring and integrated pest management.

Keywords: Spodoptera frugiperda, climate-driven dy-
namics, pest population modeling, seasonal forcing, maize
systems

I. INTRODUCTION

Maize is one of the most widely grown cereal crops
in the world, serving as a staple food for over a billion
people and playing a key role in animal feed and biofuel
production [1]. In Africa, maize represents the most
important staple crop, providing more than 30% of the
caloric intake in many countries and supporting the
livelihoods of millions of smallholder farmers [2].
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South Africa is a major contributor to the African
maize sector, producing approximately 16.35 million
tonnes during the 2022/23 agricultural season, thereby
contributing significantly to regional food security and
export markets [3]. Because of its central role in food
systems, maintaining stable maize production remains
a critical challenge under changing environmental con-
ditions.

Maize production is influenced by a wide range of
environmental and agronomic factors, including climate
variability, soil degradation, pests, and plant diseases.
Climate conditions, particularly rainfall and tempera-
ture, strongly affect crop productivity. Water availability
is a major constraint, as drought conditions can substan-
tially reduce yields, especially in rainfed agricultural
systems [4]. In addition, soil fertility decline resulting
from continuous cultivation and insufficient nutrient
replenishment further limits productivity [5]. Biological
stressors also contribute to yield losses. Weeds and
plant diseases such as maize lethal necrosis and fungal
infections are well-known constraints affecting maize
production in many regions [6].

Among the most significant biological threats in
recent years is the FAW, an invasive pest that has
rapidly spread across Africa, Asia, and parts of Eu-
rope. FAW attacks maize at all growth stages, leading
to severe yield reductions and considerable economic
losses, particularly in smallholder farming systems [7].
Its capacity for long-distance migration and its ability
to develop resistance to chemical pesticides make it a
persistent challenge for maize production worldwide.

The FAW undergoes complete metamorphosis con-
sisting of four developmental stages: egg, larva (with
several instars), pupa, and adult. The duration and
survival of these stages depend strongly on environ-
mental conditions, especially temperature [8]. Eggs are
typically laid in clusters on the underside of leaves,
and once hatched, larvae pass through multiple feeding
stages during which they consume large quantities of
plant tissue, often causing significant crop damage
[9]. After the feeding phase, larvae pupate in the soil
before emerging as adult moths capable of migrating
across large agricultural regions, thereby facilitating
rapid invasion and spread [7].

Several management strategies have been developed
to control FAW populations, including chemical insecti-
cides, biological control agents such as parasitoids and
entomopathogenic fungi, and cultural practices such as
crop rotation and intercropping [8]. Although chemical
control can provide rapid reductions in pest populations,
its long-term effectiveness is often limited by the devel-

opment of resistance and potential environmental side
effects [9]. Consequently, integrated pest management
(IPM) strategies, which combine biological, cultural,
and chemical approaches, have emerged as a more
sustainable alternative. However, the effectiveness of
such strategies may vary across agro-ecological regions
due to differences in environmental conditions and pest
dynamics [7].

Understanding how environmental variability influ-
ences FAW population dynamics is therefore essential
for designing effective and sustainable pest manage-
ment strategies. In this context, mathematical and com-
putational models provide powerful tools for analyzing
pest-crop interactions and exploring the influence of
environmental drivers such as temperature and rainfall.
By integrating biological processes with climatic in-
formation, modeling approaches can help explain pest
outbreaks, evaluate management strategies, and support
predictive assessments of pest risk under varying envi-
ronmental conditions.

Several mathematical models have been proposed
to investigate FAW population dynamics and control
strategies [10–16]. These studies have provided valu-
able insights into host-pest interactions and the poten-
tial effectiveness of different management approaches.
However, many existing models either focus on theo-
retical population dynamics or consider environmental
factors in a simplified manner. In particular, relatively
few compartmental modeling frameworks explicitly in-
tegrate both temperature and rainfall variability to de-
scribe FAW dynamics within maize production systems.

Climatic conditions play a crucial role in shaping
FAW population dynamics. Temperature is one of the
most important environmental factors influencing the
development, survival, and reproduction of the pest.
Experimental studies have shown that the duration
of developmental stages decreases as temperature in-
creases within a suitable range, leading to faster popu-
lation growth under warm conditions [14]. Conversely,
low temperatures may slow development or increase
mortality, thereby limiting pest establishment in certain
environments.

Rainfall also plays an indirect but important role
in pest dynamics through its influence on host plant
availability and crop productivity. In rainfed agricultural
systems, rainfall determines maize growth and biomass
accumulation, which in turn affects the availability
of resources for larval feeding. Variability in rainfall
patterns can therefore influence the carrying capacity
of agricultural environments for FAW populations [17].
In addition, rainfall events may affect larval survival by
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washing eggs or young larvae from plant surfaces.
Because population dynamics depend on both biolog-

ical processes and environmental drivers, understanding
the combined influence of temperature and rainfall is
essential for predicting pest outbreaks and designing
effective management strategies. Integrating climatic
information into population models therefore provides a
valuable framework for investigating seasonal pest dy-
namics and for developing climate-informed monitoring
and forecasting tools.

The objective of this study is to develop and analyze
a climate-driven mathematical model describing the
population dynamics of FAW in maize systems. The
proposed framework incorporates the main develop-
mental stages of the pest and integrates climatic in-
fluences through temperature-dependent developmental
and mortality rates as well as rainfall-driven resource
availability. The study is conducted in two comple-
mentary stages. First, a baseline model with constant
parameters is analyzed to characterize the fundamental
dynamical properties of the system, including pest per-
sistence conditions and parameter sensitivity. Second,
the model is extended to include time-dependent pa-
rameters informed by climatic data, allowing the inves-
tigation of FAW dynamics under realistic environmental
forcing. Using temperature and rainfall records from
Pretoria (South Africa), the model is used to explore
seasonal pest dynamics and to provide predictive in-
sights into potential FAW population trends.

The remainder of this article is organized as fol-
lows. Section II introduces the climate-driven modeling
framework and presents the compartmental model de-
scribing the interaction between FAW populations and
maize resources.

Section III investigates the properties of a baseline
version of the model with constant parameters, includ-
ing threshold conditions for pest persistence and a sen-
sitivity analysis identifying key parameters influencing
the system dynamics.

Section IV extends the framework by incorporating
time-dependent parameters driven by temperature and
rainfall data, allowing the investigation of FAW dynam-
ics under realistic environmental forcing, and presents
numerical simulations illustrating the seasonal behavior
of the pest population.

Section V discusses the implications of the results,
with a particular emphasis on climate-pest interactions,
predictive modeling, and applications to integrated pest
management.

Finally, Section VI summarizes the main findings and
outlines perspectives for future research.

II. CLIMATE-DRIVEN FAW-MAIZE MODELING
FRAMEWORK

Understanding the seasonal dynamics of agricultural
pests requires integrating biological processes with en-
vironmental drivers. In maize production systems, the
development and survival of FAW populations depend
not only on their intrinsic life-cycle characteristics but
also on climatic conditions and host plant availability.
The modeling framework developed in this study aims
to represent these interactions by linking the population
dynamics of the pest with environmental factors that
influence its development.

All state variables are defined at the scale of the
considered maize plot. In particular, E(t), L(t), P (t),
and A(t) denote the total numbers of eggs, larvae,
pupae, and adults of FAW, respectively, while M(t)
represents the maize biomass.

The model describes the population dynamics of
FAW across its four main developmental stages: eggs
(E), larvae (L), pupae (P ), and adults (A). In addition
to the pest population, the framework incorporates the
dynamics of the larval resource, represented by maize
biomass (M ), which determines the availability of food
for larvae. This coupling allows the model to capture
how environmental conditions affecting crop growth
can indirectly influence pest development.

In the present formulation, the impact of larval
feeding on maize biomass is assumed to be negligible
compared with the intrinsic growth of the crop. Conse-
quently, maize biomass evolves toward an environmen-
tal carrying capacity following a logistic-type growth
dynamic. This simplified representation focuses on the
role of maize as a limiting resource for larval develop-
ment while maintaining tractability for the analysis of
pest population dynamics.

The conceptual structure of the model is illustrated in
Figure 1. It summarizes the main biological processes
governing the transitions between developmental stages
of the pest and the influence of plant resources on
larval maturation. The definitions and numerical values
of the parameters used in the model are summarized in
Table 1.

The biological processes represented in the model
are summarized as follows. Egg production depends
on the egg-laying rate α(t) of adult females and the
proportion of females in the adult population, denoted
by p. A density-dependent term

(
1− E

KE

)
accounts

for a limitation in egg deposition due to environmental
constraints. Here, KE represents the egg carrying ca-
pacity at the plot scale, that is, the maximum number

Biomath 15 (2026), 2605224, https://doi.org/10.55630/j.biomath.2026.05.224 3/20

https://doi.org/10.55630/j.biomath.2026.05.224


Kolaye et al., Modeling and forecasting the climate-driven dynamics of Spodoptera frugiperda in maize

E L P A

M

β(t) γ(t) M
DM+M δ(t)

α(t)p
(

1− E
KE

)

µE(t) µL(t) + µ̃LL µP (t) µA(t)

σM
(

1− M
KM (t)

)
Fig. 1: Conceptual representation of the climate-driven FAW population dynamics model.

of eggs that can be supported by the considered maize
unit. Eggs hatch into larvae at rate β(t) and are subject
to natural mortality µE(t).

Larvae experience both natural mortality µL(t) and
an additional density-dependent mortality term µ̃LL,
reflecting competition or other crowding effects within
the larval population. Their development into pupae
occurs at rate γ(t) M

DM+M , which captures the influence
of plant resource availability on larval maturation.

Pupae develop into adults at rate δ(t) and experience
mortality µP (t). Adult individuals die at rate µA(t) and
contribute to the production of new eggs through repro-
duction. Finally, maize biomass grows according to a
logistic growth law characterized by intrinsic growth
rate σ and environmental carrying capacity KM (t).

Environmental variability is incorporated through
time-dependent parameters such as α(t), β(t), γ(t),
δ(t), µE(t), µL(t), µP (t), and µA(t). These parameters
may depend on climatic variables such as temperature,
rainfall, or seasonal forcing. This formulation allows
the model to capture the influence of environmental
conditions on pest development and survival.

Based on these biological and environmental assump-
tions, the population dynamics of the system are de-
scribed by the following system of ordinary differential
equations:

Ė = α(t)p

(
1− E

KE

)
A− (µE(t) + β(t))E,

L̇ = β(t)E −
(
µL(t) + µ̃LL+ γ(t)

M

DM +M

)
L,

Ṗ = γ(t)
M

DM +M
L− (µP (t) + δ(t))P,

Ȧ = δ(t)P − µA(t)A,

Ṁ = σM

(
1− M

KM (t)

)
, (1)

with initial conditions E(0) ≥ 0, L(0) ≥ 0, P (0) ≥ 0,
A(0) ≥ 0, and M(0) ≥ 0.

The parameters used in system (1), together with
their biological interpretation and numerical values, are
summarized in Table 1.

III. ANALYSIS OF THE BASELINE MODEL

This section examines the behavior of the model
under a baseline scenario in which all parameters are
assumed constant. This corresponds to an environment
where temperature, rainfall, and other external drivers
do not vary over time. Although simplified, this setting
is useful for identifying the intrinsic mechanisms gov-
erning pest persistence, extinction, and parameter influ-
ence before introducing climate-dependent variability.

Under this assumption, system (1) reduces to the
following autonomous system:

Ė = αp

(
1− E

KE

)
A− (µE + β)E,

L̇ = βE −
(
µL + µ̃LL+ γ

M

DM +M

)
L,

Ṗ = γ
M

DM +M
L− (µP + δ)P,

Ȧ = δP − µAA,

Ṁ = σM

(
1− M

KM

)
, (2)
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Parameter Description Value Source
α Egg production rate per female 150 day−1 [18]
p Proportion of females in adult population 0.57 [19]
KE Egg carrying capacity in the maize plot 1500 Assumed
β Hatching rate (egg to larva) 1/4 day−1 [18]
µE Egg mortality rate 0.75 day−1 [20]
µL Larval mortality rate 0.65 day−1 [21]
µ̃L Density-dependent larval mortality coefficient 0.41 individual−1 day−1 [22]
γ Larval maturation rate (to pupa) 1/14 day−1 [18]
µP Pupal mortality rate 0.11 day−1 [23]
δ Pupal maturation rate (to adult) 2/17 day−1 [18]
µA Adult mortality rate 1/12 day−1 [21]
σ Maize biomass growth rate 0.7 day−1 Assumed
KM Maize carrying capacity 106 kg Assumed
DM Half-saturation constant 5× 105 kg Assumed

Table 1: Description and values of parameters in system (1).

with initial conditions E(0) ≥ 0, L(0) ≥ 0, P (0) ≥ 0,
A(0) ≥ 0, M(0) ≥ 0.

Since maize biomass follows a logistic growth law
independently of the pest compartments, its long-term
behavior is straightforward: M(t) → KM as t → ∞.
Consequently, the long-term pest dynamics can be
studied through the reduced autonomous subsystem ob-
tained by replacing M with its equilibrium value KM .
Using standard results for asymptotically autonomous
systems, the full model can therefore be reduced in the
long term to

Ė = αp

(
1− E

KE

)
A− (µE + β)E,

L̇ = βE − (µL + µ̃LL+ η)L,

Ṗ = ηL− (µP + δ)P,

Ȧ = δP − µAA, (3)

with E(0) ≥ 0, L(0) ≥ 0, P (0) ≥ 0, A(0) ≥ 0, and
where

η = γ
KM

DM +KM
.

For completeness, the technical arguments supporting
this reduction are provided in Appendix A.

A. Basic properties of the model

Before examining extinction and persistence condi-
tions, it is important to verify that the reduced model
(3) is biologically meaningful. In particular, solutions
should remain non-negative and bounded for all biologi-
cally relevant initial conditions. These properties ensure
that the model is mathematically well posed and that it
does not generate unrealistic population values.

The right-hand side of system (3) is continuous and
locally Lipschitz on R4, which guarantees existence and

uniqueness of solutions. Moreover, the non-negative
orthant is positively invariant: whenever one of the state
variables E, L, P , or A reaches zero, its time derivative
remains non-negative, so trajectories starting from non-
negative initial conditions remain non-negative for all
future times.

In addition, the model admits a bounded attracting
region. More precisely, if X = (E,L, P,A), then the
set

Ω =

{
X ∈ R4

+ : E ≤ KE , L ≤
βKE

µL + η
,

P ≤ ηβKE

(µP + δ) (µL + η)
, A ≤ δηβKE

µA (µP + δ) (µL + η)

}
is positively invariant and attractive for model (3). This
means that all biologically relevant solutions eventually
enter and remain within a bounded region of the state
space. The detailed proof is standard and provided in
Appendix B.

B. Pest persistence threshold

A central quantity governing the long-term behavior
of the baseline model is the basic offspring number,
denoted by R0. Biologically, this quantity represents
the average number of adult female individuals pro-
duced by a single adult female over her lifetime in an
otherwise uninfected environment. Although the model
describes pest population dynamics rather than disease
transmission, the notation R0 is used by analogy with
epidemiological models. It therefore plays a role anal-
ogous to a threshold parameter separating extinction
from persistence.

To compute R0, we consider the trivial equilibrium
X0 = (0, 0, 0, 0) of system (3). Following the next-
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generation matrix approach in [24], system (3) can be
written as

Ẋ = R(X)− T (X),

where

R(X) =


αp
(

1− E
KE

)
A

0
0
0

 ,

T (X) =


(µE + β)E

−βE + (µL + µ̃LL+ η)L
−ηL+ (µP + δ)P
−δP + µAA

 .

The Jacobian matrices of R and T at X0 are

R =


0 0 0 αp
0 0 0 0
0 0 0 0
0 0 0 0

 ,

T =


µE + β 0 0 0
−β µL + η 0 0
0 −η µP + δ 0
0 0 −δ µA

 .

The next-generation matrix is RT−1, with

RT−1 =


αpβηδ

µA(µE + β)(µL + η)(µP + δ)
0
0
0

αpηδ

µA(µL + η)(µP + δ)

αpδ

µA(µP + δ)

αp

µA
0 0 0
0 0 0
0 0 0

 .

Its spectral radius gives

R0 = ρ(RT−1) =
αpβηδ

µA(µE + β)(µL + η)(µP + δ)
.

(4)
This threshold admits a direct ecological interpreta-

tion. The factor α/µA represents the average number of
eggs laid by a female during her lifetime. The fraction
β/(µE + β) gives the proportion of eggs surviving to
the larval stage, while η/(µL + η) and δ/(µP + δ)
represent the proportions of larvae and pupae success-
fully progressing to the next stage. Multiplying these
contributions and accounting for the female proportion
p yields the expected number of adult females generated
by one adult female. Consequently, R0 provides a

biologically interpretable indicator of whether the pest
can establish itself in the environment.

Standard threshold arguments imply that the trivial
equilibrium X0 is locally asymptotically stable when
R0 ≤ 1 and unstable when R0 > 1. In practical
terms, a small introduction of the pest population cannot
trigger an outbreak unless each female replaces herself
by more than one female on average.

C. Stability of equilibria and ecological interpretation

The baseline model admits two possible equilibrium
regimes (i.e., long-term ecological states describing
whether the pest population disappears or persists in the
maize system). The first one is the trivial equilibrium

X0 = (0, 0, 0, 0),

which corresponds to the absence of the pest population
in the maize system. The second one is a positive
equilibrium

X∗ = (E∗, L∗, P ∗, A∗),

which represents the long-term coexistence of the dif-
ferent developmental stages of the pest.

The existence of these equilibria depends on the
threshold quantity R0, which measures the balance be-
tween reproduction, maturation, and mortality processes
within the pest life cycle.

Solving the steady-state equations of system (3)
shows that the trivial equilibrium always exists, whereas
the positive equilibrium exists only when

R0 > 1.

In that case, all life stages of the pest maintain strictly
positive densities.

Biologically, the equilibrium relations obtained from
system (3) describe the demographic balance between
successive developmental stages. In particular, the equi-
librium densities of pupae and larvae are directly pro-
portional to the adult population, reflecting the se-
quential structure of the life cycle. Eggs depend on
both adult abundance and density-dependent regulation
of oviposition, which is represented by the carrying
capacity KE .

The long-term behavior of the system is therefore
governed by the threshold parameter R0, which plays
a role analogous to a demographic reproduction index
for the pest population.

Two ecological regimes can then be distinguished:
• Pest extinction regime (R0 < 1).

When R0 < 1, mortality and developmental losses
dominate reproductive processes. In this case, the
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trivial equilibrium X0 is globally asymptotically sta-
ble. Biologically, this means that the pest population
cannot sustain itself in the maize system, and any
initial infestation eventually disappears.

• Pest persistence regime (R0 > 1).
When R0 > 1, the reproductive capacity of the
population is sufficiently high to compensate for
mortality during the different developmental stages.
In this situation, the trivial equilibrium becomes un-
stable and the system converges toward the positive
equilibrium X∗. Ecologically, this corresponds to
the long-term establishment of the pest population,
where eggs, larvae, pupae, and adults persist at stable
densities.
From an ecological perspective, the threshold R0

therefore provides a clear criterion separating successful
pest suppression from long-term establishment. Man-
agement strategies that increase mortality or reduce
reproduction effectively act by pushing the system
below the threshold R0 = 1, thereby driving the pest
population toward extinction.

For the sake of readability, the detailed derivations
and proofs of the equilibrium existence and global
stability results are presented in Appendix C.

D. Sensitivity analysis and management insights

Sensitivity analysis was performed to identify the
parameters that most strongly influence pest persistence
and stage-specific dynamics. This is important from
a management perspective because it helps determine
which biological processes should be targeted to reduce
the likelihood of establishment or to suppress the pest
population.

1) Normalized sensitivity indices: We first consider
normalized forward sensitivity indices, which quantify
the relative variation of a model output with respect to
a relative variation in a parameter (see, for instance,
[25]). For a differentiable variable u depending on a
parameter q, the normalized sensitivity index is defined
by

Υu
q :=

∂u

∂q
× q

u
.

Applying this definition to the threshold quantity R0 in
(4) yields the indices reported in Table 2.

These results show that α, p, and µA exert the
strongest direct influence on the persistence threshold.
For example, since ΥR0

α = 1, a 10% decrease in
α produces a 10% decrease in R0. The strong neg-
ative influence of µA indicates that increasing adult
mortality is one of the most efficient ways to reduce
pest establishment. Likewise, reducing egg production

or reproductive success can substantially weaken pop-
ulation growth. The importance of p also suggests
that mating-disruption approaches, such as pheromone-
based methods, may be relevant management tools.
However, the situation is slightly different when we
focus on the variables E, L, P , and A. Therefore, we
present the sensitivity analysis using both the Partial
Rank Correlation Coefficient (PRCC) and the extended
Fourier Amplitude Sensitivity Test (eFAST) methods in
the following section.

2) PRCC and eFAST analysis: Because the threshold
R0 does not fully describe the influence of parameters
on all state variables, we also carried out global sensi-
tivity analyses using PRCC and eFAST. These methods
allow a broader assessment of parameter influence on
eggs, larvae, pupae, and adults.

Using the methodology of [26], PRCC values were
computed for the state variables E, L, P , and A with
sample size N = 1000. A parameter was considered
strongly associated with a state variable when the
absolute PRCC exceeded 0.5 and the p-value was below
0.001, see Table 3.

The parameters that show the strongest significant
PRCC associations are summarized in Table 4.

These results again emphasize the importance of
adult mortality µA and the female proportion p. They
also highlight the strong role of γ, the larva-to-pupa
development rate, which influences the largest number
of state variables. This indicates that transitions out
of the larval stage play a key role in shaping overall
population structure.

The eFAST analysis shown in Figure 2 complements
these results by distinguishing first-order effects from
total effects, including interactions between parameters.
The parameters with significant total effects are sum-
marized in Table 5.

Taken together, the three sensitivity approaches con-
sistently identify µA as the dominant control-related
parameter, followed by γ. From a management perspec-
tive, this suggests that the most effective intervention is
one that increases adult mortality, while a secondary
strategy would be to reduce successful development
from larvae to pupae.

IV. CLIMATE-DRIVEN MODEL WITH TEMPERATURE
AND RAINFALL

In agricultural systems, pest population dynamics are
rarely governed by constant environmental conditions.
Instead, they are continuously shaped by seasonal and
interannual variability in climatic drivers such as tem-
perature and rainfall. For FAW, these environmental
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Parameters p α β γ δ µA µE µL µP
Sensitivity index

(
ΥTq

)
1 1 µE

µE+β
µL

µL+γ
µP
µP+δ

-1 − µE
µE+β

− µL
µL+γ

− µP
µP+δ

Table 2: Normalized forward sensitivity indices of R0 with respect to the main parameters of system (1).

Parameters Value Range E L P A
α 150 [10–300] 0.4887* 0.4027* 0.3761* 0.3480*
p 0.57 [0.001–0.999] 0.5761* 0.5429* 0.4798* 0.4765*
KE 1500 [10–106] 0.3288* 0.1654* 0.0683* 0.1489*
β 0.25 [0.001–0.999] 0.2882* 0.5331* 0.4691* 0.4312*
µE 0.75 [0.001–0.999] -0.4413* -0.3859* -0.2876* -0.2906*
µL 0.65 [0.001–0.999] -0.1420* -0.2221* -0.2171* -0.1656*
µ̃L 0.41 [0.001–0.999] -0.2339* -0.4160* -0.2811* -0.3159*
γ 0.41 [0.001–0.999] 0.5673* 0.4987* 0.6343* 0.6444*
µP 0.11 [0.001–0.999] -0.2779* -0.2667* -0.3798* -0.3502*
δ 2/17 [0.001–0.999] -0.3964* -0.3478* -0.0670** -0.4175*
µA 1/12 [0.001–0.999] -0.5975* -0.4986* -0.4214* -0.6698*

*: p-value < 0.001, **: p-value < 0.01

Table 3: PRCC values of the model parameters for the state variables E, L, P , and A.
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Fig. 2: eFast sensitivity analysis of the parameters on the model outputs: (A) eggs E, (B) larvae L, (C) pupae P , and (D)
adults A. The lower portion represents the first-order sensitivity index, while the total bar height corresponds to the total
sensitivity index.
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Parameters p β γ µA
State variables E,L L E,P,A E,A

Table 4: Parameters with the strongest significant PRCC
influence on the state variables.

Parameters α p γ µE µL µA
State vars L L L,P,A E L, P E,L,A

Table 5: Parameters with significant total effects according to
the eFAST method.

factors influence both the biological performance of
the pest and the availability of host plant resources. To
account for these effects, we now extend the baseline
model by introducing time-dependent parameters driven
by climatic conditions observed in Pretoria, South
Africa.

A. Climate-dependent parameters

The climate-driven formulation of the model is based
on two main mechanisms. First, temperature directly
affects the development, survival, and reproductive per-
formance of the pest. Second, rainfall indirectly affects
the pest through its influence on maize growth and,
consequently, on the availability of larval resources.
The purpose of this subsection is therefore to translate
these environmental effects into time-dependent model
parameters.

1) Temperature-dependent developmental rates: Ex-
perimental studies have shown that the biological de-
velopment of FAW is highly sensitive to temperature.
In general, the duration of the egg, larval, and pupal
stages decreases as temperature increases within a suit-
able thermal range, indicating faster development under
warmer conditions. However, this acceleration does not
continue indefinitely, since development is strongly im-
paired outside the favorable thermal window. Reported
data indicate that the fastest immature development
occurs around 35◦C, whereas development is no longer
sustained near 40◦C. Hatchability is highest around
25◦C, and both survival and fecundity tend to be
maximal between 21◦C and 25◦C [27].

The developmental durations reported in [27] are
summarized in Table 6. These data were used to esti-
mate the temperature dependence of the transition rates
from eggs to larvae, from larvae to pupae, and from
pupae to adults.

In addition to developmental timing, female fecun-
dity is also affected by temperature. Studies indicate
that individuals reared on maize exhibit high reproduc-
tive output, confirming the suitability of maize as a host

Temperature 18°C 20°C 25°C 30°C 35°C
Egg period 6.48 6 3.4 2.4 2

Larval period 34.08 25 17 12.5 10.06
Pupal period 30.64 16 12 8 7.22

Table 6: Developmental durations of the immature stages
under different temperatures [27], the periods are in days.

Temperature 15°C 21°C 25°C 30°C 35°C
Number of eggs 762 1510 2019 1086 443

Table 7: Fecundity under different temperature conditions
[28].

plant [19]. The temperature-dependent fecundity data
reported by [28] are given in Table 7.

Using the developmental data in Table 6 and the
fecundity data in Table 7, Gaussian functions were
fitted to the transition rates β, γ, δ, and the oviposition
parameter α. The fitted curves are shown in Figure 3.

The resulting functions are

β(T ) = 0.47× e−(T−30.2
9.12 )

2

,

γ(T ) = 0.09× e−(T−29.95
9.545 )

2

,

δ(T ) = 0.14× e−(T−30.01
9.1 )

2

,

α(T ) = 1871× e−(T−24
8.91 )

2

.

To incorporate these temperature-dependent relation-
ships into the model, we next used daily temperature
data from Pretoria over the period 2020–2024. The
observed series and its fitted seasonal representation are
shown in Figure 4.

The temperature series was approximated using a
sum of sinusoidal components,

T (t) =

8∑
n=1

an sin(bnt+ cn),

which provides a smooth representation of seasonal
variability. Using the cftool of Matlab R2015a, we
obtained

T (t) = 32.57 · sin(0.001722t+ 0.004319)

+ 15.2 · sin(0.003174t+ 1.858)

+ 5.561 · sin(0.01689t+ 1.89)

+ 2.714 · sin(0.006767t+ 1.761)

+ 1.764 · sin(0.03452t− 1.583)

+ 1.489 · sin(0.009604t+ 2.491)

+ 0.9977 · sin(0.01354t+ 1.714)

− 0.0286 · sin(0.02199t+ 1.153).
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Fig. 3: Temperature-dependent fits for the developmental and
oviposition parameters β, γ, δ, and α.
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Fig. 4: Daily temperature in Pretoria during 2020–2024, based
on data retrieved from [29].
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Fig. 5: Estimated time-dependent developmental and oviposi-
tion rates in Pretoria during 2020–2024.
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By composing the fitted biological functions with
the seasonal temperature profile T (t), we obtain time-
dependent developmental and oviposition rates over the
Pretoria climatic cycle, as illustrated in Figure 5.

2) Temperature-dependent mortality: Temperature
also has a strong influence on mortality at all develop-
mental stages. Experimental studies show that mortality
increases sharply outside the favorable thermal range.
In particular, near-freezing temperatures lead to almost
complete mortality, while extreme high temperatures
above approximately 38◦C–40◦C also inhibit develop-
ment and substantially reduce survival [28, 30]. These
observations indicate that thermal stress acts on the pest
both at the lower and upper ends of the temperature
spectrum.

Mortality-related data synthesized from [14, 31–33]
are summarized in Table 8. These values were used
to estimate temperature-dependent mortality functions
for the egg, larval, pupal, and adult stages. The fitted
mortality functions are displayed in Figure 6.

The corresponding fitted expressions are

µE(T ) = 1.985e+ 08 · e−(T+360.2
82.41 )

2

+ 5.995e+ 07 · e−(T+156
27.31 )

2

,

µL(T ) = 1.221 · e−(T+8.911
19.94 )

2

+ 2.919e+ 13 · e−(T+257.3
38.91 )

2

,

µP (T ) = 1.241e+ 15 · e−(T+683.3
115.9 )

2

+ 1.511 · e−(T−45.74
7.094 )

2

,

µA(T ) = 9.785e+ 15 · e−(T+688.6
113.5 )

2

+ 342.1 · e−(T−82.09
16.98 )

2

.

Combining these functions with the Pretoria tem-
perature profile T (t) yields the corresponding time-
dependent mortality rates shown in Figure 7.

3) Rainfall-driven carrying capacity: Unlike tem-
perature, rainfall mainly influences the pest indirectly
through its effects on maize growth and biomass avail-
ability. Moderate rainfall generally promotes host plant
growth and thus supports larval development by in-
creasing the amount of available resource [34, 35]. By
contrast, excessive rainfall may reduce pest survival
through wash-off effects, oviposition limitation, and
enhanced pathogen pressure [8], whereas insufficient
rainfall may reduce host plant quality and quantity,
thereby limiting larval feeding opportunities [36].

To represent this environmental effect, we assume
that the maize-related carrying capacity KM depends

on rainfall. We describe this dependence through the
function

KM (R) = Kmaxe
− 1

2

(
R−Ropt

ε

)2

, (5)

where Kmax denotes the maximum resource carrying
capacity, Ropt is the rainfall level associated with
optimal maize growth, and ε measures the width of
the favorable rainfall interval. This formulation reflects
the fact that maize productivity is highest around an
intermediate rainfall range and declines under both
insufficient and excessive precipitation. In particular,
daily rainfall values between approximately 5 and 10
mm are often considered favorable for maize growth
during the growing season [17].

Rainfall data from Pretoria over the period 01/01/
2022 – 31/08/2024 are shown in Figure 8. A linear
interpolation was used to obtain a continuous rainfall
forcing over the observation period.

The maize biomass is then described by the logistic
equation with time-varying carrying capacity

Ṁ(t) = σM(t)

(
1− M(t)

KM (R(t))

)
, M(0) = M0,

where σ > 0 is the intrinsic maize growth rate, M0 > 0
is the initial biomass, and KM (R(t)) is determined by
rainfall through (5).

Since the carrying capacity KM (R(t)) depends ex-
plicitly on time through rainfall, the above equation
does not admit, in general, a closed-form solution.
However, standard results ensure the existence and
regularity of a unique positive solution M(t) for all
t ≥ 0. In this framework, the maize biomass dynamics
is treated as an external, climate-driven process that
influences the pest population through resource avail-
ability.

Using the above climate-dependent ingredients, the
pest subsystem becomes

Ė = α(t)p

(
1− E

KE

)
A− (µE(t) + β(t))E,

L̇ = β(t)E − (µL(t) + µ̃LL+ η(t))L,

Ṗ = η(t)L− (µP (t) + δ(t))P,

Ȧ = δ(t)P − µA(t)A, (6)

where E(0) ≥ 0, L(0) ≥ 0, P (0) ≥ 0, A(0) ≥ 0,

η(t) = γ(t)

(
M(t)

DM +M(t)

)
,

and M(t) is obtained from the rainfall-driven maize
dynamics described above.
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Temperature 0°C 18°C 20°C 25°C 30°C 35°C 40°C
Egg mortality 1 0.15 0.10 0.075 0.075 0.20 0.90

Larval mortality 1 0.20 0.15 0.075 0.075 0.20 0.825
Pupal mortality 1 0.15 0.125 0.075 0.075 0.175 0.80

Female adult mortality 1 0.15 0.10 0.075 0.075 0.175 0.75

Table 8: Stage-specific mortality rates under different temperature conditions.

This time-dependent system provides a climate-
driven representation of the pest population, in which
seasonal temperature controls development, survival,
and fecundity, while rainfall shapes the host resource
environment through maize growth.

B. Climate-driven pest persistence conditions

Under periodic temperature and rainfall forcing, the
long-term dynamics of the pest population are no longer
governed by a single constant threshold, as in the
baseline model. Instead, climatic variability induces
temporal fluctuations in development, mortality, and re-
source availability, so that persistence must be assessed
through lower and upper threshold quantities reflecting
the least favorable and most favorable demographic
conditions over the climatic cycle.

To characterize these conditions, we consider the
time-dependent system (6) over one climatic period of
length τ . For a continuous and τ -periodic function f ,
we denote by

f = max
0≤t≤τ

f(t), f = min
0≤t≤τ

f(t).

As in the constant-parameter case, the time-dependent
model admits non-negative and bounded solutions in
a biologically relevant region. In particular, the state
variables remain confined to a bounded positively in-
variant set, denoted by ΩT , whose explicit expression is
given in Appendix D. This guarantees that the model is
mathematically well posed and biologically meaningful
under seasonal forcing.

The key question is then whether climatic fluctua-
tions, when combined with the life-history structure of
the pest, favor extinction or long-term persistence. To
answer this, we introduce two threshold quantities:

Rmin0 =
αβ η θ δ

µA(µE + β)(µL + ηθ)(µP + δ)
,

Rmax0 =
αβ η θ δ

µA(µE + β)(µL + ηθ)(µP + δ)
.

These two quantities can be interpreted as climate-
modulated demographic thresholds for the pest popula-
tion. The lower threshold Rmin0 reflects a conservative
estimate of reproduction and stage transition under less

favorable seasonal conditions, while the upper threshold
Rmax0 reflects the most favorable combination of cli-
matic conditions for pest establishment and persistence.

The long-term behavior of the climate-driven system
is summarized as follows:
• Climate-driven extinction regime. If

Rmax0 ≤ 1,

then even under the most favorable seasonal con-
ditions, the pest population does not replace itself
sufficiently to persist. In this case, all solutions
converge to the pest-free state, and the population
ultimately disappears from the maize system.

• Climate-driven persistence regime. If

Rmin0 > 1,

then even under the least favorable seasonal condi-
tions, the demographic balance remains sufficiently
positive to sustain the population. In this case, the
model admits a unique positive periodic solution,
which means that the pest persists through recurrent
seasonal oscillations synchronized with the climatic
cycle.
From an ecological perspective, these two thresholds

provide a practical way to interpret how climatic vari-
ability shapes the fate of the pest. When the seasonal
environment is consistently unfavorable, extinction oc-
curs. When the environment remains sufficiently favor-
able throughout the annual cycle, persistence emerges
in the form of a recurrent seasonal pattern rather than a
constant equilibrium. Thus,Rmin0 andRmax0 generalize
the threshold role of R0 from the baseline model to a
periodically forced climatic setting.

For the sake of readability, the detailed derivation
of the persistence and extinction threshold conditions
based on the periodic comparison theorem is presented
in Appendix E.

C. Climate-based simulations and forecasting

We now use numerical simulations to illustrate the
climate-driven behavior predicted by the threshold con-
ditions above. The purpose of these simulations is
twofold: first, to verify the analytical predictions of
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Fig. 9: Climate-driven dynamics of the pest population over
the period 01/01/2025–31/08/2027 when p = 0.0057, so that
Rmax0 ≤ 1. The remaining parameter values are as in Table 1.

extinction and persistence under seasonal forcing; and
second, to explore the potential temporal patterns of
FAW in the climatic context of Pretoria.

The simulations are based on the temperature and
rainfall datasets introduced in the previous subsection.
These data are used to reconstruct realistic periodic
forcing in the biological parameters and to forecast
the pest dynamics over the period from 01/01/2025 to
31/08/2027. We consider the initial condition

[E(0), L(0), P (0), A(0)] = [0, 0, 0, 100],

which represents the introduction of 100 female adults
into a maize field containing 10,000 stalks. This sce-
nario is intended to mimic an invasion event and to
assess whether the pest can establish under the climatic
conditions of the study area.

We first examine the extinction regime, correspond-
ing to

Rmax0 ≤ 1.

To produce this situation, we set p = 0.0057, repre-
senting a very low proportion of reproductive females.
Biologically, this may correspond to strong reproductive
limitation, for instance due to environmental stress or
mating disruption. The simulated trajectories are shown
in Figure 9.

Figure 9 shows that all developmental stages decline
progressively toward zero. Despite seasonal variability
in temperature and rainfall, the pest fails to maintain
itself in the maize system. This confirms that when even
the most favorable climatic windows are insufficient to
compensate for mortality and developmental losses, the
invasion cannot persist.
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Fig. 10: Climate-driven dynamics of the pest population over
the period 01/01/2025–31/08/2027 when p = 0.57, so that
Rmin0 > 1. The remaining parameter values are as in Table 1.

We next consider the persistence regime, correspond-
ing to

Rmin0 > 1.

For this scenario, we use p = 0.57, which corresponds
to a biologically realistic proportion of females in the
adult population. The simulated trajectories are shown
in Figure 10.

In this case, the pest population does not converge
to extinction. Instead, the four developmental stages
exhibit recurrent oscillations over time, indicating sus-
tained seasonal persistence. These oscillations reflect
the periodic influence of climate on the biological rates
governing development, survival, and reproduction. In
ecological terms, the pest becomes established in the
system and its abundance varies seasonally according
to the environmental conditions.

An important implication of these simulations is that
climate does not merely affect the magnitude of infes-
tation, but also structures its seasonal timing. Periods
of favorable temperature and sufficient host resource
availability promote growth of the immature and adult
stages, whereas less favorable periods reduce popula-
tion density without necessarily eliminating the pest.
This suggests that climate-informed pest surveillance
and intervention strategies should be timed to antici-
pate these seasonal windows of increased demographic
potential.

Taken together, Figures 9 and 10 confirm the theoret-
ical role of Rmax0 and Rmin0 as predictors of extinction
and persistence under environmental forcing. They also
show that, in the Pretoria context, the climate-driven
model can reproduce contrasting invasion outcomes
depending on the demographic capacity of the pest,
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thereby providing a useful forecasting framework for
environmentally informed pest management.

V. DISCUSSION

The present study develops and analyzes a mathe-
matical model describing the population dynamics of
FAW in maize systems under climatic forcing. By
combining biological knowledge of the pest life cycle
with temperature- and rainfall-dependent parameters,
the model provides a framework for understanding how
environmental variability shapes the long-term dynam-
ics of the pest population.

A. Climate-pest interactions

Our results highlight the strong influence of climatic
variability on the population dynamics of FAW. Tem-
perature and rainfall affect several key biological pro-
cesses, including oviposition, larval development, and
survival rates. By incorporating these climatic drivers
into the model through time-dependent parameters, the
analysis reveals that seasonal environmental fluctua-
tions can significantly alter the demographic balance
of the pest population.

In particular, the introduction of climate-dependent
thresholds Rmax0 and Rmin0 provides a theoretical
framework for distinguishing between extinction and
persistence regimes under seasonal forcing. When en-
vironmental conditions remain sufficiently unfavorable,
the pest population eventually disappears. Conversely,
when climatic conditions remain favorable throughout
the seasonal cycle, the pest persists through recurrent
periodic oscillations driven by climate variability. These
results emphasize that climate does not only influence
pest abundance but also structures the seasonal timing
of population outbreaks.

B. Predictive modeling of pest dynamics

Beyond theoretical insights, the model also serves as
a predictive tool for anticipating pest dynamics under
realistic climatic conditions. Using temperature and
rainfall data representative of the Pretoria region, the
numerical simulations reproduce contrasting invasion
scenarios ranging from extinction to sustained seasonal
persistence.

Such predictive modeling approaches are particularly
valuable for anticipating periods of high pest pressure.
Because the population dynamics are closely synchro-
nized with seasonal climatic variations, the model sug-
gests that periods of favorable temperature and moisture
conditions may lead to increased reproductive success

and larval survival. Consequently, the framework de-
veloped here could contribute to the early detection of
potential outbreak periods and support decision-making
in pest management strategies.

C. Implications for integrated pest management

From a management perspective, the threshold quan-
tities derived in this study provide a simple criterion
for evaluating whether the pest population is likely to
establish or decline in a given environmental context.
In particular, interventions that effectively reduce the
demographic reproduction of the pest, such as bio-
logical control, cultural practices, or mating disruption
strategies, may shift the system toward the extinction
regime characterized by Rmax0 ≤ 1.

Moreover, the climate-driven structure of the model
highlights the importance of timing in pest control
strategies. Since the pest population exhibits strong
seasonal responses to environmental conditions, man-
agement interventions may be more effective when
implemented during periods that precede favorable cli-
matic windows for pest development.

D. Model scope and possible extensions

The present model focuses on the essential demo-
graphic mechanisms governing the population dynam-
ics of FAW under climatic forcing. In order to maintain
analytical tractability and allow a clear characterization
of persistence thresholds, the system is formulated at
the field scale and does not explicitly incorporate spatial
dispersal processes or landscape heterogeneity.

In addition, the use of a continuous-time compart-
mental framework is motivated by the biological char-
acteristics of the pest population at the field scale.
Although the life cycle of FAW involves distinct de-
velopmental stages, field populations are generally not
synchronized at the cohort level. Continuous oviposi-
tion, together with variability in individual develop-
ment rates and survival conditions, leads to overlap-
ping generations, with multiple life stages coexisting
over time. Under these conditions, the population can
be viewed as a superposition of cohorts undergoing
continuous renewal rather than discrete, synchronized
generations. This behavior is illustrated in Figure 10,
where a temporal shift between successive stages is
observed together with a significant overlap, suggesting
asynchronous population dynamics.

Nevertheless, we acknowledge that alternative mod-
eling approaches based on discrete or stage-structured
formulations could provide a more detailed representa-
tion of cohort progression when developmental stages
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are well separated. Such approaches may be particu-
larly relevant under conditions where synchronization
effects become significant. Exploring these alternative
formulations constitutes a promising direction for future
work.

E. Relation to previous modeling studies

Several mathematical models have been proposed
to describe the population dynamics of maize pests
using stage-structured frameworks. In particular, Nta-
homvukiye et al. [37] investigated the dynamics of
Busseola fusca using a compartmental modeling ap-
proach.

While both studies rely on structured representations
of pest populations, the biological and environmental
contexts considered here differ in several important
aspects. First, the present study focuses on FAW, an in-
vasive species whose dynamics are strongly influenced
by climatic variability and seasonal cropping patterns.

Second, our framework explicitly incorporates both
temperature and rainfall as environmental drivers of
pest development and resource availability. These cli-
matic variables are introduced through time-dependent
parameters informed by observed climatic data from
Pretoria, allowing the model to capture realistic sea-
sonal forcing. In contrast, previous studies have gener-
ally focused on temperature effects alone and have not
explicitly incorporated rainfall-driven resource dynam-
ics or real climatic time series.

By integrating multiple climatic drivers and real
environmental observations, the present model provides
a more comprehensive climate-informed representation
of pest dynamics and enables the analysis of seasonal
persistence and outbreak patterns under realistic envi-
ronmental variability.

VI. CONCLUSION

This study developed a climate-driven mathematical
model describing the population dynamics of FAW
in maize systems. By incorporating temperature- and
rainfall-dependent parameters, the model captures how
environmental variability influences the demographic
processes governing the pest life cycle. The analytical
results establish clear threshold conditions distinguish-
ing extinction from persistence of the pest population
under seasonal climatic forcing, while the numerical
simulations illustrate how these theoretical predictions
translate into realistic seasonal dynamics.

From an applied perspective, the proposed frame-
work provides a useful basis for climate-informed pest
monitoring. By linking pest population dynamics with

environmental conditions, the model can help anticipate
periods of increased infestation risk and support early
warning systems in agricultural production systems.

More broadly, the results highlight the potential of
predictive mathematical modeling as a decision-support
tool for agriculture. Integrating climatic information
into pest population models can contribute to improved
forecasting of pest outbreaks and may help guide the
timing of integrated pest management interventions.
Such approaches are increasingly important in the
context of climate variability and its impact on crop
protection strategies.
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APPENDIX

A. Reduction of the baseline model to the asymptotic
pest subsystem

In the baseline case, the maize biomass satisfies the
logistic equation

Ṁ = σM

(
1− M

KM

)
.

Its unique positive equilibrium is M∗ = KM , which is
globally asymptotically stable. Hence,

M(t)→ KM as t→∞.

To justify the long-term reduction of the full model,
we use standard results on asymptotically autonomous
systems [38]. Consider the systems

ẋ = f(t, x), (7)
ẋ = h(x), (8)
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where f and h are continuous and locally Lipschitz in
x. System (7) is said to be asymptotically autonomous
with limit system (8) if

f(t, x)→ h(x) as t→∞,

uniformly in x ∈ Rn.
We use the following result from [38].

Lemma 1. Let xe be a locally asymptotically stable
equilibrium of system (8), and let ω be the ω-limit set
of a forward bounded solution x(t) of system (7). If ω
contains a point y0 such that the solution y(t) of (8)
with initial condition y(0) = y0 satisfies y(t)→ xe as
t→∞, then ω = {xe}, that is, x(t)→ xe as t→∞.

Corollary 1. If all solutions of system (7) are bounded
and the equilibrium point xe of the limit system (8) is
globally asymptotically stable, then every solution x(t)
of system (7) satisfies x(t)→ xe as t→∞.

Since M(t) → KM , the full baseline model is
asymptotically equivalent to the reduced pest subsystem

Ė = αp

(
1− E

KE

)
A− (µE + β)E,

L̇ = βE − (µL + µ̃LL+ η)L,

Ṗ = ηL− (µP + δ)P,

Ȧ = δP − µAA,

where
η = γ

KM

DM +KM
.

This reduced system governs the long-term dynamics of
the pest population in the constant-parameter setting.

B. Proof of the basic properties of the baseline model

In this appendix, we provide the technical justifica-
tion for the positivity and boundedness properties of
the reduced pest subsystem (3). These results ensure
that the model remains biologically meaningful for all
admissible initial conditions.

1) Positivity of solutions: The right-hand side of sys-
tem (3) is continuously differentiable on R4, and there-
fore locally Lipschitz. Consequently, by the Cauchy-
Lipschitz theorem, system (3) admits a unique maximal
solution for any initial condition.

To show that the solutions remain non-negative,
consider the boundary of the positive orthant. Let X ∈
{E,L, P,A}. If at some time t0 we have X(t0) = 0,
then from system (3) we obtain

Ẋ(t0) ≥ 0.

Therefore the trajectories cannot cross the coordinate
planes toward negative values. This implies that for any
non-negative initial condition, the solution satisfies

E(t), L(t), P (t), A(t) ≥ 0 for all t ≥ 0.

2) Boundedness and invariant region: We now show
that the solutions remain bounded in a positively invari-
ant region of the state space.

Proposition 1. Let X = (E,L, P,A). The set

Ω =

{
X ∈ R4

+ : E ≤ KE , L ≤
βKE

µL + η
,

P ≤ ηβKE

(µP + δ)(µL + η)
, A ≤ δηβKE

µA(µP + δ)(µL + η)

}
is positively invariant and attractive for system (3).

Proof: From the first equation of system (3),

Ė = αp

(
1− E

KE

)
A− (µE + β)E.

If E(t) = KE , then

Ė = −(µE + β)KE ≤ 0.

Therefore E(t) cannot exceed KE if E(0) ≤ KE ,
which implies

E(t) ≤ KE for all t ≥ 0.

From the second equation of system (3),

L̇ ≤ βKE − (µL + η)L.

Using a standard comparison argument (or Gronwall’s
inequality), we obtain

L(t) ≤ βKE

µL + η

whenever
L(0) ≤ βKE

µL + η
.

Similarly, from the third equation we obtain

P (t) ≤ ηβKE

(µP + δ)(µL + η)

and from the fourth equation

A(t) ≤ δηβKE

µA(µP + δ)(µL + η)
.

Hence, every trajectory starting in Ω remains in Ω for
all t ≥ 0. Moreover, solutions starting outside this
region eventually enter it, showing that Ω is positively
invariant and attracting.
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C. Proofs of the equilibrium existence and stability
results

In this appendix, we provide the detailed proofs of
the existence of equilibria and their global stability for
system (3).

1) Existence of equilibria:

Proposition 2. System (3) admits two possible equilib-
ria:
• the trivial equilibrium X0 = (0, 0, 0, 0),
• a positive equilibrium X∗ = (E∗, L∗, P ∗, A∗),

which exists if R0 > 1.

Proof: Let X∗ = (E∗, L∗, P ∗, A∗) be an equilib-
rium of system (3). Then the steady state conditions
yield

αp

(
1− E∗

KE

)
A∗ − (µE + β)E∗ = 0,

βE∗ − (µL + µ̃LL
∗ + η)L∗ = 0,

ηL∗ − (µP + δ)P ∗ = 0,

δP ∗ − µAA∗ = 0.

From the fourth equation we obtain

P ∗ =
µA
δ
A∗.

Substituting into the third equation gives

L∗ =
µA(µP + δ)

ηδ
A∗.

Substituting this expression into the second equation
yields

E∗ =
(µL + µ̃LbA

∗ + η)bA∗

β
,

where
b =

µA(µP + δ)

ηδ
.

Finally, substituting the above expression of E∗ into the
first equation leads to the quadratic equation

a2(A∗)2 + a1A
∗ + a0 = 0,

with

a2 = −αpµ̃Lb2,
a1 = −

(
αp(µL + η) +KEµ̃L(µE + β)

)
b2,

a0 = (R0 − 1)KE(µE + β)(µL + η)b−1.

If A∗ = 0, the trivial equilibrium X0 is obtained.
If R0 > 1, then a0 > 0 while a1 < 0 and a2 < 0. By

Descartes’ rule of signs, the quadratic equation admits a
positive root, which leads to a biologically meaningful
equilibrium X∗ = (E∗, L∗, P ∗, A∗).

2) Global stability of equilibria: We recall that sys-
tem (3) is cooperative in the positively invariant region
Ω.

Theorem 1. Assume that the initial condition satisfies
(E(0), L(0), P (0), A(0)) ∈ Ω. Then:
• If R0 < 1, the trivial equilibrium X0 is globally

asymptotically stable.
• If R0 > 1, the trivial equilibrium becomes unstable

and the positive equilibrium X∗ is globally asymp-
totically stable.

Proof: (i) Suppose that R0 < 1. In this case, the
system admits only the trivial equilibrium.

Define the bounding vectors

a = X0, b =

(
KE ,

βKE

µL + η
,

ηβKE

(µP + δ)(µL + η)
,

δηβKE

µA(µP + δ)(µL + η)

)
.

It follows that

f(b) ≤ 0, f(a) = 0.

Hence the conditions of the monotone dynamical sys-
tems theorem [39, 40] are satisfied, implying that the
unique equilibrium X0 is globally asymptotically stable
in Ω.

(ii) Suppose now that R0 > 1. In this case, the
positive equilibrium exists.

Let ε > 0 be sufficiently small and define

aε = (Eε, Lε, Pε, Aε),

with

Eε ≤ ε, Lε ≤ ε2, Pε ≤ ε, Aε ≤ ε.

Under suitable bounds on ε, it can be shown that

f(aε) ≥ 0.

Since the system is cooperative and the interval
[aε, b] contains a unique equilibrium, Theorem 6 in
[40] implies that the positive equilibrium X∗ is globally
asymptotically stable in this region.

Because aε can be chosen arbitrarily close to the
origin, the equilibrium X∗ is globally asymptotically
stable in Ω \ {X0}, while X0 becomes unstable.

D. Proof of the climate-driven threshold results

In this appendix, we provide the technical arguments
supporting the boundedness of the time-dependent sys-
tem and the derivation of the climate-driven threshold
conditions.
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Let X = (E,L, P,A). Define the positively invariant
region

ΩT =

{
X ∈ R4

+ : E ≤ KE , L ≤
βKE

µL + ηθ
,

P ≤ ηθβKE

(µP + δ)(µL + ηθ)
,

A ≤ δηθβKE

µA(µP + δ)(µL + ηθ)

}
.

E. Proof of the climate-driven persistence and extinc-
tion thresholds

In this appendix, we derive the persistence and
extinction threshold conditions for the climate-driven
model. The analysis is based on comparison principles
for periodic cooperative dynamical systems.

Consider the periodic system

ẋ = F (t, x),

where F : R+×Rn → Rn is continuous and τ -periodic
in t. Let x ∈ Λx ⊂ Rn+ denote the biological state
variables.

For system (6), we denote

X = (E,L, P,A),

and define

Λx = [0, E]× [0, L]× [0, P ]× [0, A].

As shown in Appendix D, all solutions of system (6)
remain bounded in this region.

1) Linearization at the pest-free state: Let

Ẋ = F (t,X).

The Jacobian matrix of the system evaluated at the pest-
free state X = 0 is

M(t) = DXF (t, 0) =


−(µE + β(t))

β(t)
0
0

0 0 α(t)
−(µL + η(t)θ) 0 0

η(t)θ −(µP + δ(t)) 0
0 δ(t) −µA

 .

This matrix is irreducible for all t, since every stage is
connected through the life-cycle transitions of the pest.

2) Comparison matrices: Because the climatic pa-
rameters are bounded functions of time, we introduce
upper and lower comparison matrices. Let

bi,j = max
0≤t≤τ

bi,j(t), bi,j = min
0≤t≤τ

bi,j(t).

We then define the matrices

−M =


(µE + β) 0 0 −α
−β (µL + ηθ) 0 0

0 −ηθ (µP + δ) 0
0 0 −δ µA

 ,

−M =


(µE + β) 0 0 −α
−β (µL + ηθ) 0 0
0 −ηθ (µP + δ) 0

0 0 −δ µA

 .

These matrices bound the Jacobian of the periodic
system and allow the application of comparison results
for cooperative systems.

3) Extinction condition: According to the periodic
comparison theorem of [39], extinction occurs when all
principal minors of −M are non-negative.

This condition is equivalent to

det(−M) > 0,

which yields

αβηθδ

µA(µE + β)(µL + ηθ)(µP + δ)
< 1.

This expression defines the threshold quantity Rmax0 .
Therefore, if

Rmax0 ≤ 1,

the pest-free state is globally attractive and the pest
population eventually disappears.

4) Persistence condition: Persistence occurs when
at least one principal minor of −M is negative. This
condition reduces to

det(−M) < 0,

which yields

αβηθδ

µA(µE + β)(µL + ηθ)(µP + δ)
> 1.

This expression defines the threshold quantity Rmin0 .
When

Rmin0 > 1,

the periodic system admits a unique positive τ -periodic
solution that attracts all trajectories in the biologically
relevant region.
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5) Conclusion: The two thresholds Rmin0 and Rmax0

characterize the long-term dynamics of the climate-
driven model. When Rmax0 ≤ 1, the pest population
goes extinct, whereas when Rmin0 > 1, the pest persists
through a unique globally attractive periodic solution.
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