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Avian influenza H5N1 is at present the most dangerous zoonotic disease
infecting wild and domestic birds. Avian influenza (AI) H5N1 exists in
two forms: Low pathogenic (LPAI) and high pathogenic (HPAI). LPAI
is a mild infection in chicken, much like human flu in humans. HPAI is a
systemic infection in chicken. It infects multiple organs and results in death
in 48 hours [1]. It is HPAI H5N1 that currently infects humans mostly
through domestic bird-to-human transmission. World Health Organization
has reported more than 650 human cases. From these infected individuals
more than 60% have died [2].

The HPAI H5N1 is dangerous because it can mutate to become effec-
tively human-to-human transmissible. The emergence of a pandemic HPAI
H5N1 strain may happen in one of two ways: (1) reassortment and (2)
mutation. Even if the mortality of the pandemic strain is much smaller
than the one of the current bird-to-human transmittable strains, it will kill
millions of people. Because of its importance to public health, AI has been
extensively modeled. The first few articles were published by Iwami et al.
[6, 7, 8]. The authors introduced a simple domestic birds-humans model,
in which the current circulating HPAI H5N1 strain mutates into a human-
to-human transmittable strain. They conclude that continuing culling of
H5N1-infected domestic birds in the face of the emergence of a pandemic
strain will increase the chance of that pandemic strain and will result of
higher prevalence of pandemic strain infected humans. Using H5N1 human
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case data, Martcheva [10] shows that the interference that the bird-to-
human strain exercises over the pandemic strain is very low and should not
influence the decision to continue culling.

HPAI usually evolves from LPAI in domestic birds. However, it is the
HPAI that is dangerous and deadly both for humans and for poultry. Prior
exposure to LPAI both for domestic and for wild birds can make a subse-
quent infection with HPAI much more mild and even asymptomatic. This
property is called cross-immunity, that is LPAI provides partial protection
and cross-immunity to HPAI. Several articles have studied the interaction
between LPAI and HPAI. Lucchetti et al [9] show that HPAI persists in
poultry but LPAI can be found in poultry only because of spill-over in-
fection from wild birds. Bourouiba et al [3] investigates the impact of
cross-immunity on the two types of AI.

Mathematical Model. To understand the interplay between LPAI
and HPAI we introduce a simple mathematical model of cross-immunity
between LPAI and HPAI. To build the model, we assume:

• Infected birds with HPAI can recover. That assumption is valid for
wild birds and may hold for vaccinated poultry

• Infected birds with LPAI can recover

• Recovered from LPAI birds can get infected with HPAI but not vice
versa, that is, we assume that once infected with HPAI the bird exits
the system.

• Recovered birds from LPAI can get infected with HPAI at a lower
probability. We do not keep track of the recovery rate of birds infected
with HPAI which have been priorly infected with LPAI.

The flow-chart of the model is shown in Figure 1. In the flowchart, S is the

Figure 1. Flow-Chart of the Model

number of susceptible birds, IL is the number of birds infected with LPAI,
IH is the number of birds infected with HPAI, RL is the number of birds
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recovered from LPAI, RH is the number of birds recovered from HPAI. The
model takes the form.

S′ = Λ− βLILS − βHIHS − µS,
I ′L = βLILS − (µ+ αL)IL,
R′L = αLIL − qβHIHRL − µRL,
I ′H = βHIHS + qβHIHRL − (µ+ αH + νH)IH ,
R′H = αHIH − µRH

(1)

Here βL and βH are the transmission rates of LPAI and HPAI respectively,
αL and αH are the recovery rates of LPAI and HPAI, νH is the disease-
induced mortality of HPAI and q is the reduced susceptibility when priorly
infected with LPAI birds get infected with HPAI. Λ is the recruitment rate
and µ is the death rate of birds. A model of this type with

The Competition between LPAI and HPAI. Dynamically, long-
term, there are four options for the LPAI and HPAI: (1) Both LPAI and
HPAI decline to zero; (2) LPAI persists, HPAI declines to zero; (3) HPAI
persists, LPAI declines to zero; (4) Both LPAI and HPAI persist. This last
scenario, called coexistence, is illustrated in Figure 2. The prevalence of
LPAI is larger than the prevalence of HPAI, which is the case in wild birds
in nature.

Figure 2. Coexistence of LPAI and HPAI in wild birds.
Red line is HPAI, blue line is LPAI.

These outcomes correspond to four types of equilibria of model (1).
The first type is the Disease-Free Equilibrium (DFE), E0 = (Λ/µ, 0, 0, 0, 0).
This equilibrium corresponds to the case when both LPAI and HPAI die out
long term. The stability of this equilibrium depends on the reproduction
numbers of LPAI and HPAI:

RL =
ΛβL

µ(µ+ αL)
RH =

ΛβH
µ(µ+ αH)

(2)

The reproduction number of LPAI (HPAI) gives the number of secondary
infections one infected with LPAI(HPAI) bird will produce in an entirely
susceptible bird population. It can be shown [11] that if RL < 1 and RH < 1
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then the DFE is locally asymptotically stable. If RL > 1 or RH > 1, then it
is unstable. Moreover, it can be shown that if RL < 1 and RH < 1 then the
DFE is globally asymptotically stable. Ideally, through control measures
we would like to push the reproduction numbers of both LPAI and HPAI
below one. However, that may be difficult in practice.

Furthermore, we find that the systems has LPAI-only equilibrium and
HPAI-only equilibrium. The LPAI-only equilibrium is given by EL =
(S∗, I∗L, R

∗
L, 0, 0) where

S∗ =
µ+ αL

βL
, I∗L =

µ

βL
(RL − 1), R∗L =

αL

βL
(RL − 1).

Clearly the LPAI-only equilibrium exists if and only if RL > 1. The HPAI-
only equilibrium is given by EH = (S◦, 0, 0, I◦H , R

◦
H) where

S◦ =
µ+ αH + νH

βH
, I◦H =

µ

βH
(RH − 1), R◦H =

αH

βH
(RH − 1).

Clearly the HPAI-only equilibrium exists if and only if RH > 1.
The stability of the semi-trivial equilibria and, therefore, the outcome

of the competition between LPAI and HPAI is given by the invasion repro-
duction numbers. The invasion reproduction number of LPAI (HPAI) at
the equilibrium of HPAI (LPAI), denoted by R∗L (R∗H), gives the number of
secondary cases one LPAI-infected (HPAI-infected) bird will produce in a
population in which the HPAI (LPAI) is at equilibrium. The values of the
invasion numbers are given below:

R∗L =
RL

RH
R∗H =

RH

RL

(
1 +

qαL

µ(αL + µ)
(RL − 1)

)
Furthermore, the LPAI dominance equilibrium EL is locally asymptot-

ically stable if R∗H < 1, that is if the HPAI cannot invade the equilibrium
of the LPAI. The LPAI equilibrium is unstable if R∗H > 1. Similarly, the
HPAI dominance equilibrium EH is locally asymptotically stable if R∗L < 1,
that is if the LPAI cannot invade the equilibrium of the HPAI. The HPAI
equilibrium is unstable if R∗L > 1.

Furthermore, it can be shown that if both invasion numbers are greater
than one, R∗H > 1 and R∗L > 1, then a unique coexistence equilibrium
exists, E∗∗ = (S∗∗, I∗∗L , R

∗∗
L , I

∗∗
H , R

∗∗
H ). To get a better idea of the parameter

space where LPAI-only exists, HPAI-only exists or the two coexist, in the
(RL,RH)-plane, we plot the regions of coexistence and dominance. These
regions are given by the equalities R∗L = 1 and R∗H = 1. The resulting figure
is given as Figure 3.

Examining Figure 3, we can make several interesting conclusions. First,
we may notice that region of parameter space for which HPAI persist is
much larger. Thus, HPAI is present for more values of RL and RH . Sec-
ond, the presence of LPAI actually increases the area where HPAI persists.
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Figure 3. Regions of dominance and coexistence of LPAI and HPAI.

That is visible from the coexistence area. Third, simulations suggests that
the larger the q, the larger the coexistence area and the smaller the area
where LPAI persists alone. If q = 0 then there will not be coexistence but
competitive exclusion between the LPAI and HPAI. In this case we call
cross-immunity a coexistence mechanism because its presence leads to co-
existence. When competitive exclusion is the only possible outcome, that
is in the case q = 0, then the whether LPAI persists or HPAI persists is
determined by their reproduction numbers. The AI with the larger repro-
duction number will persists as long as this reproduction number is above
one.

In the late 1980’s Carlos-Castillo-Chavez et al investigated the question
whether cross-immunity may be responsible for the oscillations observed in
influenza dynamics. They concluded the a simple ODE model with cross-
immunity cannot produce sustained oscillations. Surprisingly, this is not
the case for model (1). We find that the coexistence equilibrium can be
destabilized through Hopf bifurcation. In this case oscillations in which
both LPAI and HPAI persist occur. This destabilization seems to need
q ≈ 1, that is it occurs in the case when LPAI provides nearly no protection
against HPAI. The oscillations are shown in Figure 4.

Summary. We introduce an LPAI and HPAI model which describes
well the transmission of the two pathogen variants both in wild and domes-
tic birds. The model has a unique DFE which is globally stable if the two
reproduction numbers are below one. The model has LPAI and HPAI dom-
inance equilibria which exist when the LPAI (HPAI) reproduction number
is above one. The LPAI (HPAI) dominance equilibrium is locally asymp-
totically stable if the invasion reproduction number of the HPAI (LPAI) is
below one. The model has a unique coexistence equilibrium if both invasion
numbers are above one. The coexistence equilibrium can become unstable
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Figure 4. Coexistence of LPAI and HPAI
in the form of sustained oscillations.

and persistence of LPAI and HPAI is possible in the form of sustained os-
cillations. LPAI and HPAI compete for susceptible individuals: Increasing
prevalence of LPAI decreases prevalence of HPAI. This may explain why
higher prevalence of LPAI leads to lower prevalence of HPAI in wild birds
and vice versa in domestic birds.

References

[1] CDC, Key Facts About Avian Influenza (Bird Flu) and Highly
Pathogenic Avian Influenza A (H5N1) Virus, http://www.cdc.gov/

flu/avian/gen-info/facts.htm.

[2] WHO, Cumulative number of confirmed human cases of avian influenza
A(H5N1) reported to WHO, http://www.who.int/influenza/human_
animal_interface/H5N1_cumulative_table_archives/en/.

[3] L. Bourouiba, A. Teslya, J. Wu, Highly pathogenic avian influenza out-
break mitigated by seasonal low pathogenic strains: Insights from dy-
namic modeling, JTB 271 (2011), p. 181-201.

[4] C. Castillo-Chavez, H. Hethcote, V. Andreasen, S. Levin, W.M. Liu,
Epidemiological models with age structure, proportionate mixing and
cross-immunity, J. Math. Biol. 27 (1989), p. 159-165.

[5] C. Castillo-Chavez, H. Hethcote, V. Andreasen, S. Levin, W.M. Liu,
Cross-immunity in the dynamics of homogeneous and heterogeneous
populations, Mathematical Ecology (Trieste, 1986), World Sci. Pub-
lishing, Teaneck, NJ, (1988), p. 303-316.

[6] S. Iwami, Y. Takeuchi, X. Liu, Avian-human influenza epidemic model,
Math. Biosci. 207 (2007), p. 1-25.

[7] S. Iwami, Y. Takeuchi, X. Liu, Avian flu pandemic: Can we prevent
it?, JTB 257 (2009), p.181-190.

10

http://www.cdc.gov/flu/avian/gen-info/facts.htm
http://www.cdc.gov/flu/avian/gen-info/facts.htm
http://www.who.int/influenza/human_animal_interface/H5N1_cumulative_table_archives/en/
http://www.who.int/influenza/human_animal_interface/H5N1_cumulative_table_archives/en/
http://dx.doi.org/10.1016/j.jtbi.2010.11.013
http://dx.doi.org/10.1016/j.jtbi.2010.11.013
http://dx.doi.org/10.1016/j.jtbi.2010.11.013
http://dx.doi.org/10.1007/BF00275810
http://dx.doi.org/10.1007/BF00275810
http://dx.doi.org/10.1007/BF00275810
http://dx.doi.org/10.1016/j.mbs.2006.08.001
http://dx.doi.org/10.1016/j.mbs.2006.08.001
http://dx.doi.org/10.1016/j.jtbi.2008.11.011
http://dx.doi.org/10.1016/j.jtbi.2008.11.011


[8] S. Iwami, Y. Takeuchi, A. Korobeinikov, X. Liu, Prevention of avian
influenza epidemic: What policy should we choose?, JTB 252 (2008),
p. 732-741.

[9] J. Lucchetti, M. Roy, M. Martcheva, An avian influenza model and its
fit to human avian influenza cases, in Advances in Disease Epidemiology
(J.M.Tchuenche, Z. Mukandavire, eds.), Nova Science Publishers, New
York, NY, 2009, p. 1-30.

[10] M. Martcheva, Avian Flu: Modeling and Implications for Control, J.
Biol. Systems, Vol. 22 (1), 2014, p. 151-175.

[11] N. Tuncer, J. Torres, M. Martcheva, Dynamics of Low and High
Pathogenic Avian Influenza in Wild Bird Population, in Dynamical Sys-
tems: Theory, Applications and Future Directions, (J. Thuenche, ed.),
Nova Publishers, New York, 2013, p. 235-259.

Necibe Tuncer is an Assistant Professor at University of
Tulsa. She got her Ph.D. degree in 2007 in Applied Math-
ematics from Auburn University. Her Ph.D. dissertation
focuses on developing and analyzing numerical methods
for partial differential equations. During her postdoctoral
years at University of Florida, she got interested in math-

ematical modeling of infectious diseases, with a special emphasis on avian
influenza. She continues to conduct research in mathematical biology.

Juan Torres is a graduate student at the Department of Mathematics,
University of Florida. He expects to graduate with a PhD in 2015. His in-
terests are in mathematical modeling of infectious diseases and more specif-
ically avian influenza. He has one published an one submitted article.

Maia Martcheva is a Professor at the Department of
Mathematics, University of Florida. She obtained her
PhD in Mathematics in 1998 from Purdue University. Af-
ter that she was an Instructor at Polytechnic Institute,
NYU in 1998-2003 and a NSF Advance Fellow at Cornell
University 2002-2003. Since 2003 she has been Assistant,

Associate and Full Professor at University of Florida. Her interests are in
infectious diseases.

11

http://dx.doi.org/10.1016/j.jtbi.2008.02.020
http://dx.doi.org/10.1016/j.jtbi.2008.02.020
http://dx.doi.org/10.1016/j.jtbi.2008.02.020
https://www.novapublishers.com/catalog/product_info.php?products_id=9862
https://www.novapublishers.com/catalog/product_info.php?products_id=9862
https://www.novapublishers.com/catalog/product_info.php?products_id=9862
http://dx.doi.org/10.1142/S0218339014500090
http://dx.doi.org/10.1142/S0218339014500090
https://www.novapublishers.com/catalog/product_info.php?products_id=42374
https://www.novapublishers.com/catalog/product_info.php?products_id=42374
https://www.novapublishers.com/catalog/product_info.php?products_id=42374

