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Abstract

Proposed are some modifications of bio-economic models with
stage structure [3]-[8]. The proposed modifications aim at a better
description and understanding of the underlying bio-economic mecha-
nisms. This is achieved by formulating the model in terms of chemical-
type reaction steps. Several new modules in the Computer Algebra
System MATHEMATICA are proposed, offering a possibility for visu-
alization of the resulting solutions and sensitive analysis of the model.
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1 Introduction

The following single population model involving mature and immature pop-
ulation is proposed and investigated in ([4], [7], [8]):

() = ay(t) —bx(t) — riz(t)

y'(t) = ba(t) —ray(t) — By2(t),

where x(t) and y(t) are the densities of the immature population and mature
population at time ¢, resp., a denotes the birth rate of the immature pop-
ulation, 71, ro are the death rates of the immature population and mature
population, resp., b denotes the conversion rate from immature population
into mature population, 8 denotes the intra-specific effect coefficient.

A single population model in a polluted environment is investigated in

[5]:
() = ra(t) (1 - x}({t)) — ryu(t)z(t)

B)]
u'(t) = 60— hu(t),

where z(t) is the population density, u(t) is the concentration of environ-
ment pollutants, » denotes the intrinsic growth rate when there is no pollu-
tion, K denotes the capacity of the environment, ru(t) can be interpreted
as the measuring response function of the reduction of populations because
of the pollution factor, 8 denotes the amount of pollutants coming from out-
side, hu(t) can be interpreted as the reduction of pollutant concentration
due to other factors.

Based on system (A) and (B), a single population model with stage
structure is given in [5]:

a'(t) = ay(t) = ba(t) — riz(t) — mu(t)z(t)
y'(t) = bx(t) —roy(t) — By>(t) — nau(t)y(t) (1)
u'(t) = 60— hu’(t),

where nyu(t), nou(t) can be interpreted as the measuring response function
of the reduction of population because of the pollution factor, hu?(t) can



be interpreted as the reduction pollutant concentration because of other
factors.

A singular biological economic model with environmental pollution fac-
tors is proposed as follow [3], [6]:

a'(t) = ay(t) = bx(t) — riz(t) —mu(t)z(t)
YO = balt) = ray(t) - BE0) — EBOUO —mulut) (o)
u'(t) = 60— hu’(t)

0=E(t) (py(t) —¢c) —m, (3)

where
- E(t) is the capture capability of mature population at the time ¢;
- p denotes the unit price;
- ¢ denotes the unit cost;
- m denotes the economic profit;
- pE(t)y(t) is the total revenue;
- cE(t) is the total cost.
Problem. Find function E(t) satisfying equation in the context of

model .
We study here the structure of the capture capability E(t) of the form:

1t?
)= —
®) 1+ dt?
(the parameters [ and d are positive).

Then the above system (2)—(3) is written as follows:

a'(t) = ay(t) —bx(t) — rz(t) — mu(t)z(t)
1t2

y'(t) = bf'«“(t)—T2y(t)—ﬂy2(t)—€l+dt2y

u'(t) = 60— hu’(t)

(t) — mou(t)y(t) (4)



2

0=—"
1+ dt?

(py(t) — ) —m. (5)

2 Implementations in programming environment
MATHEMATICA

Modulus I. The model (1). The code and the test provided on our
control examples are shown in Fig. 1 and Fig. 2.

Modulus II. The model (4)-(5). The code is shown in Fig. 3.

Specifically, we note that the task of minimizing the functional of several
variables (derived from the model problem (2)-(3)) is correctly studied in

[31-18].

The system (4) - (5) can be written as:

2
AWX(0) = G (0,500,001 ).
where

X(0) = (500000 11 ).

"1+ dt?



Print["Modulus I. The model {1}"]:

a = Input["Input - a"J: {« 1 »)

Print[" a = ", a]:

bh = Inmput["Input - Bb"]: {(~ 1 =3

Print[" b = ", bh]l:

rl = Input["Input - ri1"]: {+ 0.5 =3

Print[" 1 = ", xr1]:

#1l = Input["Input — HA"J; {+ 0.1 =3

Print[" ni = ", pi]:;

r2 = Imput["Input -— r2"]: {+ D.2 )

Print[" r2 = ", x2];

£ = Tnput["Tnput - B"]; (» 0.2 =3

Print[" & = ", B]1:

}2 = Input["Input - H2"]; {» 0. w3

Print[" 52 = ", p2];

8 = Input[" Input = a8"J: v L w)

Print[" & = ", 8]:

h = Input["Tnput - h"J:{~ 0.6 =3

Print[" h = ", h]:

x0 = Input["Input initial condition - x[0J"]: o« L «}
Print["Initial condition =0 = ", x0]:

¥0 = Input["Input initial condition - ¥[0]"]; <~ OD.1 3}
Print["Initial condition y0 = ", y0]:

ull = Input["Input initial condition - uf0J"J;: {» 1 =}
Print["Initial condition uld = ", uld];

t0 = Input["Input LO"]:

Print["t0 = ", £0];:

t1l = Imput["Input ti"];

Print["t1 = ", £1];

Print["Graphics of the =solutions of the =system of differential
as functions of the time t"]:;
HDSolwve[{x'[Lt] ma«¥[t] -b«x[t] —rils+x[t] - plwu[t] ~x[t].

¥'IE]l ==b+x[t] —r2+¥[t] - S~ (¥[L1>"2 -2 wvult] «¥[t]l, w'[L] =

®[0] == x0, ¥[0] == ¥0, u[0] == ub}, {x, ¥, u}, {&, O, £1}]:

Flot [Evaluate[{x[t], ¥[t], u[t1} f. First[%]1]. {t. t0, t1}]

equations

=8 -—hwx {(uftJy"~2,

exactsol = HDSolve[{x'[t] =z a~¥[t] -b*x[t] —rlw=x[t] - plwu[t] »x[t],

¥'IE] ==bxrx[t] —r2«¥[t] - Fx(¥IL1) "2 -2 wult] »¥[t]l, u'[L]
H[0] == x0, ¥[0] == ¥0, u[0] == ud}, {x, ¥, u}, {E, L0, £1}]¢

Figure 1: Modulus in CAS Mathematica

==& —hw {uft]>"~2,
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Figure 2: The test provided on our control examples
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ay(t) = ba(t) — ryz(t) — mru(ta(?)
2
be(t) = ray(6) = B (0) — 65 zu(t) — mmulBy(t)
| o ma2
2
1_l:dt2 (py(t) —c) —m

The proposed modified model (4)—(5) gives possibility for approxima-
tion of the function E(t) with fractional rational function and conducting
ultra-sensitive analysis through the build in software tools for additional
animations.

3 Conclusion remarks

If the asymptotic behavior of the function E(t) at ¢ — oo is known, then
it is not difficult to take into account that from the model problem (4)—(5)
we have

i It l

im — = —

t—oo 1 +dt2 d’

which allows the variation of the free parameters [ and d.

The last part of the presented program code contains some ”software
evidence” that equation (5) is satisfied.

Various related nonlinear models are discussed in [1], [2].



Print["The model {4)-(5)"]:

Print["The Modelling and Control of a Singular Biological Economic System in a Polluted Enviromment "];

Print['R singular biological economic model with environmental pollution factors is proposed as follows:

Print['x'[t] =any[t]-bex[t]-rLlex[t]-alrult]sx[t]"];
Print["y'[t] :hex[t]-r2ey[t]-fo(¥[t])"2-E4E[t] ¥ [t]-n2ru[t]+y[t]"]:
Print["u'[t]=8-h+{u[t]})"2"];

Print ['E[t](pry[t]-c}-m=0,"];

Print ["where E[t] is the capture capability of mature population at the time t,"];
Print["p denotes the unit price,"]:

Print["c denotes the unit cost,"];

Print["m denotes the economic profit,"]:

Print["prE[t]+y[t] is the total revenue,"];

Print["c+E[t] is the total cost."];

Print["We study here the structure of the capture capability E[t] of the form:"];
1xt"2

s
1idrt"? ]

Print|"E[t]==

Print['Then, the above system is written as the following:"]:

Print["x'[t] -ary[t]-bex[t]-rLex[t]-nlruft]sx[t]"]:

o

1
Print["y'[t] DRt ]2y [6]-Br (Y IED) 2-61 —— — sy [t]-n2suptTeyit ) ]:

1idst?2
Print["u'[t]--8-h+{u[t]}"2"];
1

vt
1+det?2

LS

Print[" (pwey[t]-C)-m:=0."|;

II]:



a = Input["Input - a"J:{~ 2 =3}

Print[" a = ", a]:

h = Input["Input - B"J:{~ 1L «3}
Print[" B = ", Bb]:

rlil = Input["Input - r1"J:{~ 0.
Print[" r1 = ", xrl]:

1l = Input["Input - 1" ] {~ O.
Print[" »1 = ", »yl1]:

r2 = Input["Input - r2"7:{~ 0.
Print[" 2 = ", x2]:

F = Inmput["Input - S'"Jr{~ 0.2
Print[" & = ", B]1:

£ = Inmput["Tnput - £Y]: 40~ 0.5
Print[" &£ = ", &£]1:

H2 = Input["Input - H2"J:{~ 0O
Print[" 2 = ", p2]:

8 = Input["Input - 8" Jrfx 1L w
Primnt[" & = ", 8]:

h = Input["ITnput — ®W"J:dx 1 3
Primnt[" h = ", h]:

P = Input["Tnput - w"J:{« 1L =3}
Print[" p = ", p]l:

Cc = Input["Input - cC"Jrfw L w)
Print[" Cc = ", C]:

1 = Input["Input - 1"J:{~ 4 =3
Primt[" 1 = ", 1]:

d = Input["Input — dA"J:0(x 5 3
Primt[" 4 = ", d]:

0 = Inpubt["Input inditial condition
Print["Initial condition x0 = ", x0]:
¥yl = Inpubt["Input initial condition
Print["Initial condition yv0 = ", y0]:
uldl = Input["Input initial condition
Print["Initial comndition wd = ", ul]:

t0 = Input["Input tO"]:
Print["tD = ", £0]; 9
tl = Input["Input £1"]:
Print["t1 = ", t1]:

[*]

w

w
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eqns - {
X'[t] ==ary[t] -bax[t] -r1ax[t] - plxu[t] «x[t],

LS

Y'[E] = Dhax[t] -r2ey[t] - Bn (Y[t} "2 - {n r¥[t] - m2rult] ny¥[t],

+ldrt2

ULt] = 8-hy (u[t])"2}:

Print["Graphics of the solutions of the system of differential equations as functions of the time t:"];

WpSolve[{eqms, x[0] == x0, ¥[0] == ¥0, u[0] =- ub}, {x, ¥, u}, {t, t0, t1}];

i

Plut[{Evaluate[{x[t]; yIt], u[t]} /. First[%]], ,\2}‘ {t, to, tl}]

+lr

exactzol - HDSolve[{eqms, x[0] =- %0, y[0] = ¥0, u[0] =- ud}, {x, y, u}, {t, tO, t1}];

data - Table[y[t] /. exactsol[[1]], {t, t0+1, t1}];
ListPlot [data, PlotRange — {0, 3}, PlotLabel - y[t], LabelStyle - Directive[Green, Bold], PlotStyle - Orange]

Lrth2
1+dst®2
PlotRange - {0, 10}]

Hanipulate[Plut[ At t0+1, £1}, {1, 1, 10, Appearance - "Open'}, {d, 1, 20, Appearance - "Open"},

Print["The optimal controller m=0.92"];

Print["Proof."];

datal =Table[c/p+ 0,92+ {1+d+t"2) f (1£ 2}, {t, t0+1, £1}];

ListPlot [datal, PlotRange - {0, 3}, PlotLabel wc/p+ 0,92+ (1 +dnt 2}/ (1412},
LahelStyle - Directive[Green, Bold], PlotStyle — Orange]

ListPlot [{data, datal}, PlotMarkers —+ hutomatic, PlotRange » {0, 3}]

1xt"2 1xt"2
. {t, 1, 250}, PlotLabel -
1+dsth2 1+dsth2

Plnt[ ; LabelStyle - Dirvective [Green, Bold], PlotStyle - Red]

ata? - data - datal; 10
ListPlot [data?, PlotRange - {0, 3}, PlotLabel » ¥y - {(C/p+0.92+ {1+ dat 2}/ (14t 2)),
LabelStyle + Directive[Green, Bold], PlotStyle — Orange]



The Modelling and Control of a Sineular Biological Economic 3vstem in a

Polluted Enwvironment

4 zinqular biological economic model with enwvironmental pollution factors

iz proposed as follows:

' [E] =asry[t]-b+x[t]-rl+x[t]-nl+u[t]+x[L]

¥' (] =hex[t]-ra+y[t]-@=«(¥[L])*2-L+E[t]+¥[EL]-na+u[r] =¥ [t]

' [t]=F-h+(u[t])"2

E[t] (pry[t]-c)-m==0,

where E[t] i3 the capture capability of mature population at the time t,
b denotes the unit price,

c denotes the unit cost,

n denotes the economic profirt,

p+E[t]+v[t] is the total rewenue,

c+E[t] is the total cost.

e study here the structure of the capture capability E[t] of the form:
E[t]==__£:E:E“_

l+d+tZ

Thern, the above system iz written as the following:

*x'[t] =axy[t]-bxx[t]-rl=x[L]-mpl=u[t]+x[L]

1=
¥'[t] =bex[C]-ra+¥[C] -G+ (F[C])"E2-Lr ——— 2 *F[E]-nNZ=ul[t]+¥[L]

u'[£]=B-h+(u1[t]]*2

L+t
Todin3 (p+¥[t]-c)-m==0.
a =2
bi=1
rl = 0.2
nl = 0.3
réd = 0.3
& = 0.2
= 0.5
ne = 0.2
g =1
h =1
p =1
i 11
1 =4
d =5
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Figure 3: Modulus in CAS Mathematica for visualization of the resulting
solutions and ”software evidence” to satisfying Eq. (5).
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